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ABSTRACT 

                  In this paper, we introduce a permuting tri- ( )τσ , -derivation and permuting tri-generalized derivation in a near ring and 
generalize some of the results in [4], [6], [8] .  
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1. INTRODUCTION 

The concept of a permuting tri-derivation has been 
introduced Öztürk in [5]. Some recent results on 
properties of prime rings, semi-prime rings and near 
rings with derivations have been investigated in several 
ways [2-5, 8]. In [6], Kyoo-Hong Park and Yong-Soo 
Jung have introduced the concept of a permuting tri-
derivation of a near ring and investigated the conditions 
for a near ring to be commutative ring. 
 
In this note, we introduce the concepts of permuting tri-
( )τσ , -derivation and permuting tri-generalized 
derivation of near ring and give some properties. 
 
Throughout this paper N  will be a zero-symmetric left 
near ring with multiplicative center Z . Recall that a 
near ring N  is prime { }0=xNy  implies 0=x  or 

0=y . For Nyx ∈, , [ ]yx, , [ ] τσ ,, yx  and ( )yx,  will 

denote the commutator yxxy− , ( ) ( )xyyx τσ −  and 
yxyx −−+  respectively. A mapping 

NNNND →××:  is said to be permuting if 
( ) ( ) ( ) ( ) ( )=,,=,,=,,=,,=,, xzyDyzxDxyzDzxyDzyxD
( )yxzD ,,  for all Nzyx ∈,, .  A mapping NNd →:  

defined by ( ) ( )xxxDxd ,,=  is called the trace of D  
where NNNND →××:  is a permuting mapping. It is 
obvious that, if NNNND →××:  is a permuting 
mapping which is also tri-additive (i.e., additive in all 

arguments), then the trace of D  satisfies the relation 
( ) ( ) ( ) ( ) ( ) ( ) ( )ydyyxDyxxDyyxDyxxDxdyxd ++++++ ,,2,,,,,,2=

 for all Nyx ∈, . A permuting tri-additive mapping 
NNNND →××:   is called a permuting tri-derivation 

if ( ) ( ) ( )zywxDwzyxDzyxwD ,,,,=,, +  is fulfilled 
for all Nwzyx ∈,,, . For the terminology used in near 
rings, see [7]. 

2. PERMUTING TRI- ( )τσ , DERIVATION 

The following lemmas and theorems are necessary for 
the paper. 

Lemma 1.  [2, Lemma 3]  Let N  be a prime near ring. 

( )i  If { }0−∈Zz , then z is not a zero divisor. 

( )ii  If { }0−Z  contains an element z  for which 

,Zzz ∈+  then ( )+,N  is abelian. 

Lemma 2.  [6, Lemma 2.2]  Let N  be a 3!-torsion free 
near ring. Suppose that there exists a permuting tri-
additive mapping NNNND →××:  such that 
( ) 0=xd  for all Nx∈ , where d  is the trace of D . 

Then we have 0=D .   

Lemma 3.  [6, Lemma 2.3]  Let N  be a 3!-torsion free 
prime near ring and let Nx∈ . Suppose that there 
exists a nonzero permuting tri-derivation 
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NNNND →××:  such that ( ) 0=yxd  for all 

,, Nyx ∈  where d  is the trace of D . Then we have 
0=x .   

Firstly, we introduce the definition of permuting tri-
( )τσ , -derivation in a near ring. 

Definition 1.  A permuting tri-additive mapping 
NNNND →××:  is called a permuting tri- ( )τσ , -

derivation if there exist functions NN →:,τσ  such 
that ( ) ( ) ( ) ( ) ( )zywDxwzyxDzyxwD ,,,,=,, τσ +  for 
all .,,, Nwzyx ∈    

Note that if 1=σ  and 1=τ  then D  is a permuting tri-
derivation. 

Example 1.  Let ( )+,N  be the Klein's four group with 
multiplication defined as following 

 

Define a map D  on N  by  

( ) { }
⎩
⎨
⎧ ∉

otherwise
azyxb

zyxD
0,

0,,,,
=,,  

If we take ( ) ( ) 0==0 aσσ , ( ) bb =σ , ( ) cc =σ  and 

( ) 0=xτ  for all Nx∈ , D  is a permuting tri- ( )τσ , -

derivation on N . But, since  

( ) ( ) ( ) acbabDacbbDcbbaD =,,,,=,, +  

and 

( ) ( ) ,0=,,=,, cbaDcbbaD  

D  is not permuting tri-derivation. 

Throught this paper, σ  and τ  will represent 
automorphisms of N . 

Lemma 4.  Let N  be a 3!-torsion free prime near 
ring, D  a permuting tri- ( )τσ , -derivation of N  and d  
the trace of D . If ( ) { }0=Nxd  for all Nx∈ , then 

0=x  or 0=D .   

Proof.  Using same method in proof of Lemma 2, we 
have ( ) 0=,, zywxD  for all .,,, Nwzyx ∈  Replacing 
z  by zv , Nv∈ , to get ( ) ( ) 0=,, vywDzxτ  for all 

Nvwzyx ∈,,,, . Since τ is an automorphism of N , 
we get ( ) { }0=,, vywxND . Again N  is prime near ring, 
we have 0=x  or 0=D .  

Lemma 5.  Let N  be a near ring. D  is a permuting 
tri- ( )τσ , -derivation of N  if and only if 

( ) ( ) ( ) ( ) ( )wzyxDzywDxzyxwD στ ,,,,=,, +  for all 
Nwzyx ∈,,, .   

Proof. Let D  be a permuting tri- ( )τσ , -derivation of 
N . Since σ  is an automorphism, we get for all 

Nwzyx ∈,,, , 

( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( )zywDx

zywDxwzyxDwzyxD
zywwDxwwzyxDzywwxD

,,
,,,,,,=

,,,,=,,

τ
τσσ

τσ

+
++

++++

and 

( )( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( )zywDx

wzyxDzywDxwzyxD
zyxwDzyxwDzyxwxwDzywwxD

,,
,,,,,,=

,,,,=,,=,,

τ
στσ

+
++

+++

 

Combining the above two equality, we find that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )wzyxDzywDxzywDxwzyxD σττσ ,,,,=,,,, ++
 

Hence we have 

( ) ( ) ( ) ( ) ( )wzyxDzywDxzyxwD στ ,,,,=,, +  for all 
Nwzyx ∈,,, . Converse can be proved in a similar 

way.  

Lemma 6.  Let N  be a near ring, D  a permuting tri-
( )τσ , -derivation of N . Then, for all 

Nvwzyx ∈,,,, , 

( )i ( ) ( ) ( ) ( )[ ] =,,,, vzywDxwzyxD τσ +                                                             

( ) ( ) ( ) ( )vzywDxvwzyxD ,,,, τσ + , 

( )ii  ( ) ( ) ( ) ( )[ ] =,,,, vwzyxDzywDx στ + .   

         ( ) ( ) ( ) ( )vwzyxDvzywDx στ ,,,, +  

Proof. )(i  Let D  be a permuting tri- ( )τσ , -derivation 

of N . Since σ  and τ  are automorphisms, we get for 
all Nwtzyx ∈,,,, , 

( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )[ ] ( )

( ) ( ) ( )zytDwx
tzywDxwzyxD

zytDxwtzyxwDzytxwD

,,
,,,,=

,,,,=,,

ττ
στσ

τσ

+
+

+
 

and 

( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ).,,

,,,,=
,,,,=,,

zytDwx
tzywDxtwzyxD

zywtDxwtzyxDzywtxD

ττ
στσσ

τσ

+
+

+
 

Combining the above two equality, we find that 

( ) ( ) ( ) ( )[ ] ( ) ( ) ( ) ( ) ( ) ( ) ( )tzywDxtwzyxDtzywDxwzyxD στσσστσ ,,,,=,,,, ++
  

Therefore, we have 
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( ) ( ) ( ) ( )[ ] ( ) ( ) ( ) ( )vzywDxvwzyxDvzywDxwzyxD ,,,,=,,,, τστσ ++
 

for all .,,,, Nvwzyx ∈  

( )ii  It can be proved in a similar way.  

Lemma 7.  Let N  be a prime near-ring, D  a nonzero 
permuting tri- ( )τσ , -derivation of .N  Then 

( ) { }0=,, xNNND  for all Nx∈  implies 0=x .   

Proof.  Suppose ( ) 0=,, xwzyD  for all Nwzyx ∈,,,  
Then taking yv  instead of y , we have 

( ) ( ) ( ) ( ) ( ) ( )xvwzyDxwzvDyxvwzyD στσ ,,=,,,,=0 +
 

Since σ  is an automorphism, we have 
( ) { }0=,, NxwzyD  for all Nwzyx ∈,,, . Since N  is 

prime near ring and D  is nonzero, this implies 0=x .  

Theorem 1.  Let N  be a prime near ring, D is a 
nonzero permuting tri- ( )τσ , -derivation of .N  If 
( ) ZNNND ⊆,, , then N  is a commutative ring.   

Proof. Since ( ) ZNNND ⊆,,  and D  is a nonzero 

permuting tri- ( )τσ , -derivation of N , then there exist 
nonzero elements Nzyx ∈,,  such that 

( ) { }0,, −∈ZzyxD .Then 

( ) ( ) ( ) ZzyxDzyxDzyxxD ∈++ ,,,,=,, and 
hence ( )+,N  is abelian by Lemma 1. ( ) ZzyxD ∈,,  

for Nzyx ∈,, , implies that 

( ) ( )zyxwDwzyxD ,,=,,  for all Nw∈ . Hence 
replace xv  with x  to get  

(2.1)   ( ) ( ) ( ) ( ) =,,,, wzyvDxwvzyxD τσ +  

          ( ) ( ) ( ) ( )zyvDxwvzyxwD ,,,, τσ +  

Taking ( )vσ  instead of w , we have  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )zyvDxv

vzyxDvvzyvDxvvzyxD
,,

,,=,,,,
τσ

σσστσσ
+

+

 

Since ( ) ZNNND ⊆,, , we get 

( ) ( ) ( )[ ] 0=,,, vxzyvD στ  

for all Nvzyx ∈,,, . 

Since Z  contains no nonzero divisors of zero, we see 
that for each Nv∈ , either ( ) 0=,, zyvD  or 

( ) ( )[ ] 0=, vx στ  for all Nzyx ∈,, . If ( ) 0=,, zyvD , 

then ( ) ( )[ ] 0=,,, vwzyxD σ  from ( )2.1 . Since N  is 
prime near ring and 0≠D , ( )[ ] 0=, vw σ . Since σ  is 

an automorphism, N  is commutative near ring. If 
( ) ( )[ ] 0=, vx στ  for all Nvx ∈, , then N  is 

commutative ring, since σ  and τ  are automorphisms.  

Theorem 2.  Let N  be a 3!-torsion free prime near-
ring, D  a permuting tri- ( )τσ , -derivation of N  and d  
the trace of D . If ( ) ( ) ( ) ( )ydxyxd τσ =  for all 

Nyx ∈, , then 0=d .   

Proof. Assume that ( ) ( ) ( ) ( )ydxyxd τσ =  for all 
Nyx ∈, . Replacing y  by zy + , Nz∈  in 

hypothesis, we get 

( ) ( ) ( ) ( )zydxzyxd ++ τσ =  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )zdxzzyDxzyyDx

zzyDxzyyDxydxzxdyxd
τττ

τττσσ
+++

+++
,,2,,

,,,,2=

and so 

( ) ( ) ( ) ( ) 0=,,2,,,,,,2)2.2( zzyDzyyDzzyDzyyD +++
since τ  is an automorphism and N  is prime near ring. 

Replacing y  by y−  in ( )2.2 , it follows that 

( ) ( ) ( ) ( ) 0=,,2,,,,,,2)3.2( zzyDzyyDzzyDzyyD −+−
On the other hand, replacing y  by yz + , Nz∈  in 
hypothesis, we get 

( ) ( ) ( ) ( )yzdxyzxd ++ τσ =  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )ydxyyzDxyzzDx

yyzDxyzzDxzdxyxdzxd
τττ

τττσσ
+++

+++
,,2,,

,,,,2=

and so 

( ) ( ) ( ) ( ) 0=,,2,,,,,,2)4.2( yyzDyzzDyyzDyzzD +++
since τ  is an automorphism and N  is prime near ring. 
Comparing ( )2.2  with ( )2.3 , we get 

( ) ( ) ( ) ( ) ( )
( ) ( )zyyDzzyD

zyyDzyyDzzyDzyyDzzyD
,,2,,3

,,=,,2,,,,,,2
+−

+++

for all Nzy ∈, . From ( )2.4 , we have 

( ) ( ) ( ) 0=,,2,,3,,)5.2( zyyDzzyDzyyD +−  

Replacing y  by y−  in ( )2.5 , we get 

( ) ( ) ( ) 0=,,2,,3,,)6.2( zyyDzzyDzyyD ++  

Combining ( )2.5 and ( )2.6 ,we obtain ( ) 0=,, zzyD  for 

all Nzy ∈, . Replacing z  by xz + , Nx∈ , we get 

( ) 0=,, zyxD  for all Nzyx ∈,, . Thus, 0=D . That 
is, 0=d .  

Theorem 3.  Let N  be a 3!-torsion free prime near 
ring, D  a permuting tri- ( )τσ , -derivation of N  and d  
the trace of D . If ( )xd , 

( ) ( ) ( )( )NNNDCxdxd ,,∈+  for all Nx∈ , then 

( )+,N  is abelian.   

Proof. Assume that  

( ) ( ) ( ) ( )( )wvyDCxdxdxd ,,,)7.2( ∈+  

for all Nwvy ∈,, . 
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From ( )2.7 , we get 

( ) ( ) ( )( ) ( ) ( )( ) ( )
( ) ( )( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( )
( ) ( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( )[ ] ( )xdwvtDwvtDwvyDwvyD

wvtDwvtDwvyDwvyDxd
wvtDxd

wvtDxdwvyDxdwvyDxd
wvtDxdxdwvyDxdxd

wvtyDxdxdxdxdwvtyD

,,,,,,,,=
,,,,,,,,=

,,
,,,,,,=
,,,,=

,,=,,

+++
+++

+
++
+++

++++

 

and 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( )
( ) ( ) ( ) ( )[ ] ( )xdwvtDwvyDwvtDwvyD

xdwvtD
xdwvyDxdwvtDxdwvyD

xdwvtyDxdwvtyDxdxdwvtyD

,,,,,,,,=
,,

,,,,,,=
,,,,=,,

+++
+

++
+++++

 

for all Nwvtyx ∈,,,, . Comparing last two 
equations, ( )( ) ( ) 0=,,, xdwvtyD ,for Nwvtyx ∈,,,, . 

Replacing y  by yz  and t  by yt , Nz∈ , we get 

( )( )
( ) ( ) ( ) ( )( )
( ) ( ).,,,=

,,,,,,=
,,,=0

tzwvyD
wvtzDytzwvyD

wvtzyD

σ
τσ +  

Since D  is a nonzero permuting tri- ( )τσ , -derivation 
and N  is prime ring, we have ( ) 0=, tzσ . Since σ  is 
an automorphism, ( ) 0=, tz  for all Ntz ∈, . Thus, 
( )+,N  is abelian.  

3.PERMUTING TRI-GENERALIZED DERIVATION 

Definition 2.  Let N  be a near ring and 
NNNND →××:  a permuting tri-derivation of 

N . A permuting tri-addiive map NNNNF →××:  
is said to be a permuting tri-right (resp. left) 
generalized derivation of N  associated with D  if 
( ) ( ) ( )zywxDwzyxFzyxwF ,,,,=,, +   

( ) ( ) ( )zywxFwzyxDzyxwFresp ,,,,=,,.( + ) for 
all Nwzyx ∈,,, . 

 

Also, F  is said to be a permuting tri-generalized 
derivation of N  with D  if it is both a permuting tri-
right and permuting tri-left generalized derivation of N  
associated with D .   

Lemma 8.  Let N  be a 3!-torsion free prime near ring, 
D  a permuting tri-derivation of N , F  a permuting 
tri-additive mapping of N  and f  the trace of F . 
Then  

( )i  If F  is a permuting tri-right generalized derivation 
of N  associated with D  and ( ) 0=yxf  for all Ny∈ , 
then 0=x  or 0=D . 

( )ii  If F  is a permuting tri-generalized derivation of 
N  associated with D  and ( ) 0=yxf  for all Ny∈ , 
then 0=x  or 0=F .   

Proof. ( )i  Using the same method in proof of Lemma 2, 
we have  

( ) 0=,,)1.3( wzyxF  

for all Nwzy ∈,, . Hence replace y  by yv , Nv∈ , 
to get ( ) 0=,, wzvxyD  for all Nwvzy ∈,,, . Since N  
is a prime near ring,we have 0=x  or 0=D . 

( )ii  Let x  be a nonzero element of N . Thus from ( )i , 
we obtain 0=D . Replacing y  by yv , Nv∈  in 

( )3.1  and from 0=D , we get ( ) 0=,, wzvxyF  for all 
Nwvzy ∈,,, . Since N  is prime and 0≠x , we have 

that 0=F .  

Lemma 9.  Let N  be a near ring, D  a permuting tri-
derivation of N  and F  a permuting tri-additive 
mapping of N . Then, for all Nwxzy ∈,,, , the 
following are equivalent, 

( )i  ( ) ( ) ( )zywxDwzyxFzyxwF ,,,,=,, +  

( )ii  ( ) ( ) ( )wzyxFzywxDzyxwF ,,,,=,, +    

Proof. ( ) ( )iii ⇒ Assume that 
( ) ( ) ( )zywxDwzyxFzyxwF ,,,,=,, +  for all 

Nwxzy ∈,,, . Then 

( )( ) ( )( ) ( )
( ) ( ) ( )
( )zywxD

zywxDwzyxFwzyxF
zywwxDwwzyxFzywwxF

,,
,,,,,,=

,,,,=,,

+
++

++++

and 

( )( ) ( ) ( ) ( )
( ) ( ) ( )
( )zywxD

wzyxFzywxDwzyxF
zyxwFzyxwFzyxwxwFzywwxF

,,
,,,,,,=

,,,,=,,=,,

+
++

+++

 

Combining the above two equality, we find that 

( ) ( ) ( ) ( )wzyxFzywxDzywxDwzyxF ,,,,=,,,, ++  

Hence we have ( ) ( ) ( )wzyxFzywxDzyxwF ,,,,=,, +  
for all Nwzyx ∈,,, . 

( ) ( )iii ⇒  This is proved in similar way. 

Lemma 10.  Let N  be a near ring, D  a permuting tri-
derivation of N , F  a permuting tri-additive mapping 
of N  and f  the trace of F . Then for all 

Nvwzyx ∈,,,, , 

( ) ( )[ ] =,,,,)( wzyvxDvzyxFi +   

       ( ) ( ) ,,,,, wzyvxDvwzyxF +  



 GU J Sci, 24(4):723-729 (2011)/ Mehmet Ali ÖZTÜRK, Hasret YAZARLI 727 
 

 

( ) ( )[ ] ( ) ( ) ,,,=,,)( wvxxxDvwxfwvxxxDvxfii ++  

( ) ( )[ ] =,,,,)( wvzyxFzyvxDiii +  

         ( ) ( ) ,,,,, vwzyxFwzyvxD +  

( ) ( )[ ] =,,)( wvxfvxxxDiv + .   

         ( ) ( )vwxfwvxxxD +,,  

Proof. ( )i Supposethat 
( ) ( ) ( )zyvxDvzyxFzyxvF ,,,,=,, +  for all 

Nvzyx ∈,,, . From the asssociative law, 

( )( ) ( ) ( )
( ) ( )[ ]
( )zywxvD

wzyvxDvzyxF
zywxvDwzyxvFzywxvF

,,
,,,,=

,,,,=,,

+
+

+
 

and 

( )( ) ( ) ( )
( ) ( )
( ).,,

,,,,=
,,,,=,,

zywxvD
wzyvxDvwzyxF

zyvwxDvwzyxFzyvwxF

+
+

+
 

Combining he above two equality, we find that 

( ) ( )[ ] ( ) ( )wzyvxDvwzyxFwzyvxDvzyxF ,,,,=,,,, ++
 

( )ii  Substituting x  for y  and z  in ( )i , we obtain that 

( ) ( )[ ] ( ) ( ) .,,=,, wvxxxDvwxfwvxxxDvxf ++  

The proof of ( )iii  and ( )iv  are straight forward from 
Lemma 9.  

Theorem 4.  Let N  be a 2,3 -torsion free prime near 

ring, D  a nonzero permuting tri-derivation and F  a 
nonzero permuting tri-right generalized derivation of 
N  associated with D . If ( ) ZNNNF ⊆,, , then N  
is a commutative ring.   

Proof. Since ( ) ZNNNF ⊆,,  and F  is nonzero, 
there exist nonzero elements Nzyx ∈,,  such that 
( ) { }0,, −∈ZzyxF .Then 

( ) ( ) ( ) ZzyxFzyxFzyxxF ∈++ ,,,,=,,  and hence 
( )+,N  is abelian by Lemma 1. ( ) ZzyxF ∈,,  for 

Nzyx ∈,, , implies that ( ) ( )zyxwFwzyxF ,,=,,  
for all Nw∈ . Hence replace xv  with x  to get  

( ) ( ) ( ) ( )zyvwxDvzyxwFwzyvxDvwzyxF ,,,,=,,,,)2.3( ++
 

Replacing x  by ( )xrf  in ( )3.2  and from ( )3.2 , we 
have 

( )( )[ ] 0=,,,)3.3( wvzyxfrD  

for all Nwrvzyx ∈,,,,, . 

Now, suppose that N  is not commutative. In this case, 
N  is a prime near ring and ( )3.3 , we obtain 

( )( ) 0=,,)4.3( zyxfD  

for all Nzyx ∈,, . Substituting vx +  for x  in ( )3.4 , 
since N  is 2,3-torsion free and from ( )3.4 , we get 
that 

( )( ) 0=,,,,)5.3( zyvvxFD  

Taking rv +  instead of v  in ( )3.5  and from ( )3.5 , 
we have 

( )( ) 0=,,,,)6.3( zyrvxFD  

since N  is 2 -torsion free. 

Taking xw  instead of x  in ( )3.6  and from ( )3.6 , we 
have  

( ) ( ) ( ) ( ) ( )( ) 0=,,,,,,,,,,,,)7.3( zyrvwDxDrvwDzyxDzywDrvxF ++
 

Substituting ( )rf  for r  in ( )3.7  and from ( )3.7 , we 
get  

( )( ) 0=,,)8.3( vxrfF  

Taking sr + , Ns∈  instead of r  in ( )3.8  and from 
( )3.8 , we obtain 

( )( ) 0=,,,,)9.3( vxsrrFF  

since N  is 2,3-torsion free. Substituting zr + , Nz∈  
for r  in ( )3.9  and from ( )3.9 , we have 

( )( ) 0=,,,,)10.3( vxszrFF  

since N  is 2 -torsion free. 

Replacing r  by rw  in ( )3.10  and from ( )3.10 , we get 
for all Nwvxszr ∈,,,,, ,  

( ) ( ) ( ) ( )szwDvxrFvzwDszrF ,,,,,,,,)11.3( +  

          ( )( ) 0=,,,, vxszwDrD+  

 

Substituting ( )rf  for r  in ( )3.11  and from ( )3.8 , we 
get 

( ) ( )( ) 0.=,,,, vxszwDDrf  

Since N  is a prime near ring and 0≠F , we have 

( )( ) 0=,,,,)12.3( vxszwDD  

Taking wy  instead of w  in ( )3.12  and from ( )3.12 , 
we get 

( ) ( ) ( ) ( ) 0=,,,,,,,,)13.3( szyDvxwDvxyDszwD +
for all Nvwzsyx ∈,,,,, . 

Replacing vszx ,,,  by w  in ( )3.13 , since N  is 2 -
torsion free prime near ring, we get 

( ) ( ) 0=,,)14.3( wwyDwd  
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for all Nwy ∈, . 

Taking yr  instead of y  in ( )3.14  and from ( )3.14 , we 
get 

( ) ( ) 0=,, wwryDwd  

and so 

( ) ( ) 0=wydwd  

for all Nwy ∈, . Since N  is prime near ring, we get 
0=D . But this is a contradiction. Consequently, N  is 

commutative ring.  

Theorem 5.  Let N  be a 2,3 -torsion free prime near 
ring, D  a nonzero permuting tri-derivation of N  and 
F  a nonzero permuting tri-right generalized 
derivation of N  associated with D . If ( )xf , 

( ) ( ) ( )( )wzyDCxfxf ,,∈+  for all Nwzyx ∈,,, , 
then ( )+,N  abelian and ( ) Zxf ∈  for all Nx∈ .   

Proof. Since ( )xf , ( ) ( ) ( )( )wzyDCxfxf ,,∈+  for 
all Nwzyx ∈,,, , if both u  and uu +  commute 
elementwise with ( )wzyD ,,  for all Nwzy ∈,, , then  

( ) ( )[ ]( )
( ) ( ) ( ) ( )uwzvDuwzvDuwzyDuwzyD

uuwzvDwzyD
,,,,,,,,=

,,,,
+++

++  

and on the other hand 

( ) ( )[ ]( )
( ) ( ) ( ) ( ) .,,,,,,,,=

,,,,
uwzvDuwzyDuwzvDuwzyD

uuwzvDwzyD
+++

++

 

Comparing the two expression, we get 

( )( ) 0=,,,)15.3( uwzvyD  

Taking ( )tf  instead of u  in ( )3.15 , we get 

( )( ) 0=,,, wzvyD  for all Nwzvy ∈,,, . Since ( )vys ,  
is also an additive-group commutator for any Ns∈ , 
replacing ( )vy,  by ( )vys ,  in the last equation, we 
obtain 

( )( ) 0=,,, vywzsD  

for all Nvywzs ∈,,,, . Since N  is a prime near ring 
and 0≠D , we have ( ) 0=,vy  for all Nvy ∈, , that is 

( )+,N  abelian. 

Since ( ) ( )( )wzyDCxf ,,∈ , 
( ) ( ) ( ) ( )xfwzyDwzyDxf ,,=,, , for all Nwzyx ∈,,, . 

Taking yv  instead of y  in this equation, we obtain that  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )xfwzvyDxvfwzyD

wzvyDxfvwzyDxf
,,,,=

,,,,)16.3(
+

+  

Replacing y  by ( )yd  in ( )3.16  and from hypothesis, 
we get 

( )( ) ( )[ ] 0=,,,)17.3( xfvwzydD  

for all Nvwzyx ∈,,,, . 

Substituting zt  for z  in ( )3.17 , we get  

( )( ) ( )[ ] .0=,,, xfvtwzydD  

Since N  is a prime near ring, ( )( ) 0=,, wzydD  or 

( )[ ] 0=, xfv  for all Nvwzyx ∈,,,, . 

Suppose that ( )( ) 0=,, wzydD  for all Nwzy ∈,, . 
Taking vy +  instead of y  in the last equation, we get 

( )( ) ( )( ) ( )( ) ( )( ) .0=,,,,3,,,,3,,,, wzvvyDDwzvyyDDwzvdDwzydD +++

 

Since ( )( ) 0=,, wzydD , we get 

( )( ) ( )( ) 0=,,,,,,,,)18.3( wzvvyDDwzvyyDD +  
since N  is 3 -torsion free. 

Replacing y  by y−  in ( )3.18 , we have 

( )( ) ( )( ) 0.=,,,,,,,,)19.3( wzvvyDDwzvyyDD −  

Combining ( )3.18  and ( )3.19 , we obtain  

( )( ) 0,=,,,,)20.3( wzvvyDD  

since N  is 2 -torsion free. 

Replacing y  by yx , Nx∈  in ( )3.20  and from 
( )3.20 , we have 

( ) ( ) ( ) ( ) 0=,,,,,,,,)21.3( vvxDwzyDwzxDvvyD +  

Taking xt  instead of x , Nt∈  in ( )3.21 , we get  

( ) ( ) ( ) ( ) 0=,,,,,,,, vvtxDwzyDwztxDvvyD +  

Replacing v  by ywzt ,,,  in the last equation we get 

( ) ( ) 0=vxdvd  for all Nvx ∈, . Since N  is prime 
near ring ( ) 0=vd , and so 0=D . But, since 

0≠D ,we get ( ) .Zxf ∈   

 

 

REFERENCES 

[1] M. Ashraf, A. Ali and S. Ali; “ ( )τσ , -derivations 
on prime near-rings”, Archivum Mathematicum 
(BRNO), Tomus 40: 281-286 (2004). 

[2] H. E. Bell and G. Mason; “On derivations in near-
ring, near-rings and near-fields”, North-Holland, 
Math. Studies 137: 31-35(1987). 

[3] M. Bresar; “Community Maps, a survey, 
Taiwanese”, J. Math. 8(3):361-397(2004). 

[4] Y. Çeven and M. A. Öztürk; “Some properties of 
symmetric bi- ( )τσ , -derivations in near- rings, 
Commun”. Korean Math. Soc. 22 (4):487-
491(2007). 



 GU J Sci, 24(4):723-729 (2011)/ Mehmet Ali ÖZTÜRK, Hasret YAZARLI 729 
 

 

[5] M. A. Öztürk; “Permuting tri-derivations in prime 
and semi-prime rings”, East Asian Math. J. 
,15(2):177-190(1999). 

[6] K.-H. Park and Y.-S. Jung; “On permuting tri-
derivations and commutativity in prime near 
rings”, Commun. Korean Math. Soc. 25(1):1-9 
(2010). 

[7] G. Pilz; “Near-Rings”, Second Edition, North-
Holland, Asterdam, (1983). 

[8] M. Uçkun and M. A. Öztürk; “On the trace of 
symmetric bi-gamma-derivations in gamma-near-
rings”, Houston . Math., 33(2):323-339(2007).. 

 


