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ABSTRACT: In this study, a flywheel inverted pendulum was modeled as simulation. The model 

controlled by fuzzy logic and PID controller for comparison. Fuzzy logic controllers were designed 

using triangular and Gaussian membership functions and various methods that are "and", 

"implication" and "aggregation". All gains from fuzzy logic controllers and PID were tuned by the 

trial-and-error method. The best performance was obtained by fuzzy logic controller that uses a 

triangular membership function and "prob/probor" functions. The results were evaluated in terms of 

three phenomena. In terms of Settling Time and Maximum Overshoot, Fuzzy Triangle MF with 0.15 

s and 0 degrees, respectively, and PID and Fuzzy Triangle MF models with 0 degrees in terms of 

Steady-State error achieved the best success. In addition, the robustness of the control system was 

tested by applying two different types of disturbance inputs, random and impulse. The results show 

that fuzzy logic is a good alternative for balance control of a flywheel inverted pendulum, but PID 

has an acceptable performance. 
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1. INTRODUCTION 

Inverted pendulum is a popular and important tool in control theory. There are many different 

types of inverted pendulum in literature. Classic inverted pendulum systems are designed to move on 

a fixed linear mechanism. Some of others are two-wheeled inverted pendulums (Nawawi et al., 2008; 

Wasiwitono et al., 2021; Wu et al., 2012) and one-wheel inverted pendulums (Han et al., 2014; 

Moghadam and Marshall, 2021). They can move each direction on a two-dimensional surface by the 

wheels. During the movement, the body acts as an inverted pendulum and it must be balanced by the 

horizontal forces produced by the motion of the base of the pendulum. Another one is flywheel 

inverted pendulum (Andrievsky, 2011; Meyer et al., 2009; Olivares and Albertos, 2013). It is fixed 

on a horizontal surface by a rotational joint and has a flywheel on the top of the body. It can also have 

two degrees of freedom like Cubli (Bobrow et al., 2020; Gajamohan et al., 2012). Cubli is a robot in 

the form of a cube and it can balance on any one of its corners. 

An inverted pendulum system has a nonlinear characteristic and balance control is a difficult 

process. Many times, controllers are designed using the linearized models of the system. Many types 

of controllers have been implemented to inverted pendulums. Jain et al. designed an inverted 

pendulum system and used PID controllers to stabilize the pendulum and control the position (Jain et 

al., 2013). They also used particle swarm optimization algorithm to tune the PID coefficients. 

Conventional methods for tuning the PID parameters are based on trial-and-error method. With 

optimization algorithms, the same process can be completed in a shorter time.  

Linear quadratic regulator (LQR) and full-state feedback (FSF) are other control methods that 

can be used for an inverted pendulum. Razmjooy and Alikhani used LQR and FSF techniques and 

made a performance comparison (Razmjooy et al., 2014). The results showed that LQR has a better 

performance; because of which it is an optimal control technique of pole placement. 

Similar studies are made for two wheel inverted pendulum, too. Villacrés et al. made a 

comparative study for controlling a two wheel inverted pendulum (Villacrés et al., 2016). PID 

controller, LQR and sliding mode control (SMC) are compared in the study. The results showed that 

SMC has the best performance and PID is an easy tunable controller. In another study, line tracking 

control of a two wheel inverted pendulum was made using visual feedback (Hatada et al., 2022). 

Fractional order controllers are another option to control an inverted pendulum. There are 

various studies which are used fractional PID controllers for inverted pendulum, also include 

comparisons between PID controllers and fractional PID controllers (Mishra and Chandra, 2014; 

Mondal and Dey, 2022; Wang et al., 2016). They all reported that both of the PID and fractional PID 

had quite acceptable performance, but fractional PID was more robust. 

In this study, a flywheel inverted pendulum model that is linearized is controlled by fuzzy logic 

controller. A controller is designed for high performance by examining the effects of the fuzzy logic 

controller parameters. The designed controller is also compared to a conventional PID controller. 

 

2. FUZZY LOGIC CONTROL 

Fuzzy logic is one of the popular tools in control theory. It can be used to control linear or non-

linear systems. A fuzzy logic controller can have single-input or multi-input. Among multi-input 

fuzzy controllers, two-input ones are more preferred in terms of sensor and computational cost. The 

inputs are generally the error of system state which must be controlled and the derivative of it. The 

first step of a fuzzy logic control is fuzzification. In this step, the input data are converted into fuzzy 

data or membership functions. The second step is fuzzy inference process, and membership functions 
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and predefined rules are combined to derive fuzzy output. The fuzzy rules or rule table which include 

the all possible combination of inputs and outputs are specific to the system, and must be prepared 

by the help of an expert (Özmen and Közkurt, 2021). The last step of the fuzzy logic control is 

defuzzification. In this step, fuzzy outputs are calculated using different methods such as center of 

sums (COS), center of gravity (COG), weighted average method or maxima methods. The outputs 

are applied to the system and the output error which is the input of the fuzzy logic controller is 

calculated again. Many times, the inputs and the outputs of a fuzzy logic controller need a gain value 

many times. The gains have an important effect on the control performance of the fuzzy logic 

controller and they can be selected by trial-and-error method. Detailed information about fuzzy logic 

control can be found in (Bai and Wang, 2006; Tavana and Hajipour, 2019).  

 

3. FLYWHEEL INVERTED PENDULUM 

Inverted pendulum is popular system, which is naturally nonlinear and unstable, in control 

theory. Inverted pendulum balance researches are basically made on an inverted pendulum on a chart 

and the aim is balancing the pendulum by moving the chart (Erkol, 2017; Mishra and Chandra, 2014; 

Niemann and Poulsen, 2003). The Inverted pendulum system used in this study has different structure 

based on a flywheel (Gajamohan et al., 2012; Huang et al., 2022; Prutskii et al., 2022). A simplified 

drawing of the system is given in Fig. 1. The system is fixed on the ground by a rotating joint and a 

flywheel is placed on top of the pendulum. When the flywheel is turning, a reaction torque becomes 

on the vertical plane. The direction of the reaction torque changes depending on the turning direction 

of the flywheel. The reaction torque also decreases or increase with the speed of the flywheel. In this 

way, inverted pendulum balance can be controlled by adjusting the flywheel speed and changing the 

turning direction. It means the input of the system is the torque driven by the flywheel. 

 

 

Figure 1. Basic structure of the flywheel inverted pendulum,0 

 

The differential equations of the system can be derived using Euler-Lagrange method. The 

equations of the system given in Fig. 1 is given in equation 1-4 (Ruan and Wang, 2010). I1 and I2 are 

the inertia of the pendulum and flywheel, m1 and m2 are the weights of the pendulum and flywheel, 

f1 and f2 are the friction factors, g is the gravitational constant and l1 is the pendulum length.  

 

(𝑎 + 𝐼2
2)�̈�+𝐼2�̈� = 𝑏𝑠𝑖𝑛𝜃 − 𝑏1�̇�     (1) 

𝐼2(�̈� + �̈�) = 𝑢 − 𝑏2�̇�     (2) 
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𝑎 = 𝑚1𝑙
2 + 4𝑚2𝑙

2 + 𝐼1     (3) 

𝑏 = (𝑚1 + 2𝑚2)𝑔𝑙      (4) 

When the θ is small enough, the equations can be linearized as given in equation 5-6 and the 

state space equation can be obtained as in equation 7 (Ruan and Wang, 2010). The system parameters 

are given in Table 1. 

 

(𝑎 + 𝐼2
2)�̈�+𝐼2�̈� = 𝑏𝜃 − 𝑓1�̇�     (5) 

𝐼2(�̈� + �̈�) = 𝑢 − 𝑓2�̇�      (6) 
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Table 1. System Parameters 

Symbol Value Unit 

L 0.25 m 

m1 1.2 kg 

m2 0.46 kg 

I1 2.504x10-2 Kgm2 

I2 3.423x10-3 Kgm2 

f1 9.4x10-3 Nm/V 

f2 3x10-4 Nm.s 

 

4. EXPERIMENTAL STUDY BASED ON SIMULATED MODELS 

In this study, a flywheel pendulum was modeled and a fuzzy logic controller was designed to 

balance the pendulum. All study was made by simulations using MATLAB/Simulink program. 

Firstly, the system was controlled by a PID controller to see the performance and make comparisons. 

The structure of the PID controlled system is given in Fig. 2. The PID was tuned by auto tune property 

of the MATLAB, and then the controller performance was improved by manual tuning. All settling 

time and overshoot values were calculated with 2% tolerance. The system outputs are given in Fig. 

3. The settling time (S.T.) and the maximum overshoot (M.O.S.) of the θ output are respectively 

1.091s and 0.212° when the auto tune is used. The performance can be improved by manual tuning 

after auto tuning. The S.T. and M.O.S. are respectively 0.227s and 0.146° for the manually improved 

system, respectively. 
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Figure 2. Block diagram of the system controlled by PID  

 

 
Figure 3. Output graphs of the PID controlled system 

4.1. Fuzzy Models 

The main aim of the study is to design a fuzzy logic controller for a better performance than 

classical methods like PID. The simulation design for fuzzy logic control is given in Fig. 4. The 

designed controller has two inputs; the error, and the derivative of the error. Both of the inputs have 

gains (Ke and Kde), and the controller output has also a gain (Kout). It should be noticed that Kout has a 

negative sign because of the rule table and characteristic of the system. All of the gains have important 

effects on the controller performance. The used rule table is given in Table 2. 

 

 

Figure 4. Block diagram of the system controlled by fuzzy logic controller 
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Table 2. The rule table of the fuzzy logic controller 

θ 

θʹ 
NB NM NS ZO PS PM PB 

NB NB NB NM NM NS NS ZO 

NM NB NM NM NS NS ZO PS 

NS NM NM NS NS ZO PS PS 

ZO NM NS NS ZO PS PS PM 

PS NS NS ZO PS PS PM PM 

PM NS ZO PS PS PM PM PB 

PB ZO PS PS PM PM PB PB 

 

Two types of membership function (MF) were used. Different “And”, “Or”, “Implication” and 

“Aggregation” methods were used to see their effects on the performance. Firstly, triangular MF 

given in Fig. 5 was used. Input and output ranges of the functions were determined between “-1” and 

“1”. Inputs and outputs were scaled by the gains of Ke, Kde and Kout. “And” method and “implication” 

methods were chosen as “min”. “Or” method and “aggregation” methods were chosen as “max”. 

Selected methods can be seen in Table 3. 

 
Figure 5. Triangle membership functions of error and derivative of error inputs and the output 

 

Table 3 Parameters of the fuzzy logic controllers 

Parameters Membership Functions 

 Triangle Gaussian 

And Method min prod 

Or Method max max 

Implication min prod 

Aggregation max probor 

Defuzzyfication centroid centroid 

 

Then the gains were manually tuned for the best performance. Firstly, Ke, Kde and Kout were 

selected as respectively 5, 5, and 200, respectively. Initial θ angle was selected as 1°. The system 

reached to the reference (0°) in more than 0.5s. The system output had also much oscillation. The 

graphs of system outputs are given in Fig. 6. 
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Figure 6. System outputs of the fuzzy logic controller which has triangle MF 

 

Kout was changed to improve system performance. The system had more settling time when Kout 

was decreased, and it had shorter settling time when Kout was increased. System had much oscillation 

again. The θ graphs are given in Fig. 7. 

 

Figure 7. The effect of Kout on θ 

 

The system had less oscillation when Ke was decreased and more oscillation when Ke was 

increased. The effect of Ke gain can be seen in Fig. 8. Small changes of the Kde do not have a 

significant effect on the system performance as seen as Fig. 9. 

 

 
Figure 8. The effect of Ke on θ 

 
Figure 9. The effect of Kde on θ 

 
Ke=5, Kde=5, Kout=200 

 

 
    (a) Ke=5, Kde=5, Kout=30         b) Ke=5, Kde=5, Kout=1000 

 

 
(a) Ke=1, Kde=5, Kout=200       (b) Ke=15, Kde=5, Kout=200 

 

 
(a) Ke=5, Kde=15, Kout=200        (b) Ke=5, Kde=30, Kout=200 
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A good performance couldn’t be obtained by the tunings given above, but it is possible by 

changing some parameters of fuzzy logic controller. As seen in Table 3, “And method” and 

"implication method” were selected as “product” (prod); “aggregation method” was selected as 

“probabilistic or” (probor); and “Or method” was selected as “max”. These parameters were used 

with both of triangular and Gaussian (gauss2mf) MF given in Fig. 10. The system performance was 

better with both of triangular and Gaussian MF when used with the new parameters. The θ output 

graphs of triangular and Gaussian MF are given in Fig. 11 for Ke=Kd=5 and Kout=200. Both of them 

generated shorter settling time and less oscillation.  

 
Figure 10. Gaussian membership functions of error and derivative of error inputs and the output 

 

 
Figure 11. The effect of new parameters on θ  

 

The effect of Kout for θ output can be seen in Fig. 12. System has longer settling time and less 

osculation for small Kout. In a similar manner, it has shorter settling time and more oscillation for 

bigger Kout. 

 
Figure 12. The effect of Kout on θ when prod, probor and max functions are used 

 

 
      (a) Triangular MF                 b) Gaussian MF 

Ke=5, Kde=5, Kout=200 

 

  ---- Fuzzy with triangular MF       ---- Fuzzy with Gaussian MF 

 
a) Ke=5, Kde=5, Kout=30         b) Ke=5, Kde=5, Kout=1000 
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The system output had no oscillation but longer settling time when Ke was decreased, and the 

system output had more oscillation and shorter settling time when Ke as increased. It can be seen in 

Fig. 13 that Kde has also a positive effect on the system performance. System output has shorter 

settling time with bigger Kde gain as seen as in Fig. 14. 

 

 
Figure 13. The effect of Ke on θ output when prod, probor and max functions are used 

 

 
Figure 14. The effect of Kde on θ output when prod, probor and max functions are used 

 

When used the triangular MF; the settling time was 0.150s with %2 tolerance, and there was no 

overshoot and steady-state error. When used the Gaussian MF; the settling time was 0.325s with %2 

tolerance, max overshoot was 0.352°, and steady-state error is 0.019°. The system output graphs are 

given in Fig. 15. 

 
Figure 15. System outputs when used the optimized fuzzy logic controllers 

 

Settling time, maximum overshot and steady state errors are given in Table 4 for PID and fuzzy 

controlled systems. Fuzzy logic controller which has triangle MF has the best results. It’s settling 

time is 0.15s and there are no maximum overshoot and steady-state error. The settling time of fuzzy 

logic controller which uses Gaussian MF is more than two times of fuzzy logic controller which has 

triangle MF. It has also maximum overshoot and steady-state error. 

  ––– Fuzzy with triangular MF             ––– Fuzzy with Gaussian MF 

 
a) Ke=1, Kde=5, Kout=200      b) Ke=15, Kde=5, Kout=200 

 

 ––– Fuzzy with triangular MF       ––– Fuzzy with Gaussian MF 

 
a) Ke=5, Kde=15, Kout=200                b) Ke=5, Kde=30, Kout=200 

  ––– Fuzzy with triangular MF      ––– Fuzzy with Gaussian MF 

 
a) Ke=3, Kde=5, Kout=90          b) Ke=2.5, Kde=3.5, Kout=150 
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Table 4. Performance comparison 

Performance  

Criteria 
PID 

Fuzzy 

Triangle MF 

Fuzzy 

Gauss MF 

Settling Time (s) 0.227 0.150 0.325 

Maximum Overshoot (°) 0.146 0 0.352 

Steady-State error (°) 0 0 0.019 

 

The PID controller has an acceptable second best performance. Its settling time is more than 

fuzzy logic controller which uses triangle MF, but it is less than fuzzy logic controller which uses 

Gaussian MF.  PID controller has also overshoot, but it is half of the maximum overshoot value of 

the fuzzy logic controller which uses Gaussian MF. It has also no steady-state error. 

As a result, the controller which has the best performance is the fuzzy logic controller which 

uses triangle MF. The second best is the PID controller and the third one is the fuzzy logic controller 

which has Gaussian MF. It can be concluded that the fuzzy logic controller better than PID, when its 

parameters are selected correctly and the gains are tuned carefully. 

 

4.2. Disturbance Inputs to The Best Performance Model 

Robustness is tested by applying two different disturbance inputs to the triangular membership 

function model, which is the best performance model. An input with a duration of 1 second and an 

amplitude of 0.1 is applied at the 0.5 second moment of the simulation as the disturbance pulse 

function. Fig. 16 shows the method of applying the disturbance pulse input by forming it with unit 

step functions. 

 

 
Figure 16. Simulink model with disturbance impulse input  

 

Although the flywheel inverted pendulum model with disturbance input could not maintain the 

balance during the pulse, it immediately recovered when the pulse was retracted and settled in a stable 

control position. The response graph is shown in Fig. 17. 
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Figure 17. Response graph of the model with disturbance impulse input  

 

Random noise disturbance input is applied secondary to the triangular membership function 

model. The random noise function is given by multiplying the ramp function with increasing 

amplitude, and thus the robustness of the control system is tested up to how many degrees of noise. 

Fig. 18 shows the method of applying the disturbance random input.  

 
Figure 18. Simulink model with disturbance random noise input  

 

As a result of this input, it is seen in Fig. 19 that the control system can provide the balance up 

to a certain amplitude of the noise. When the noise reaches about ±8˚ amplitudes, the control system 

loses its robustness. 
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Figure 19. Response graph of the model with disturbance random noise input  

 

In experimental studies, two different disturbance input methods were applied to test the 

robustness of the fuzzy logic controller in terms of amplitude and duration. In the literature, this test 

is usually provided with a single disturbance input (Olivares and Albertos, 2013; Ruan and Wang, 

2010; Vasconcelos et al., 2019).   

 

5. CONCLUSION 

In this study, a fuzzy logic controller was designed and optimized by trial-and-error method for 

a flywheel inverted pendulum. Balance control is the main challenge in controlling an inverted 

flywheel pendulum. All fuzzy gains were tuned for the best performance. Also, some different 

functions were used for fuzzy methods like implication and aggregation. Fuzzy logic controller which 

uses triangular MF with “prod” and “probor” functions for and-implication-aggregation methods has 

the best performance in controlling the inverted pendulum. Fuzzy Logic controller which uses 

Gaussian MF has more overshoot and longer settling time. The designed fuzzy logic controllers are 

compared with a PID controller tuned by trial-and-error method again. The PID controller has an 

acceptable performance. Its performance is not good as fuzzy logic controller which uses triangular 

MF. PID has maximum overshoot and 0.077s longer settling time. However, it has better performance 

than fuzzy logic controller which uses Gaussian MF. PID controller has 0.098s shorter settling time, 

and 2.41 times less overshoot. It has also no steady state error. In experimental studies, two different 

disturbance input methods were applied to test the robustness of the fuzzy logic controller in terms 

of amplitude and duration. The best performance triangular MF model is robust under disturbance 

inputs. 

The fuzzy logic controller which uses triangular MF has better performance when compared 

with the PID controller. But all tuning processes are made by trial-and-error method. An optimization 

algorithm should be used to make a more accurate comparison. It can be a future work. After all, 

fuzzy logic controller is a good choice when controlling a flywheel inverted pendulum. 
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