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Abstract

The basis of this study, which was put forth in order to appropriate a special area in the hyperring theory, which
has recently been studied as a generalization of the ring theory, which uses the module theory as an application
field, is based on integrally closed Krasner hyperrings and (almost) integral dependence applications in Krasner
hyperrings.
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Krasner Yiiksek Halkalarin Asal Yiiksek idealleri Uzerine

Oz
Modiil teorisini uygulama alani olarak kullanan, son zamanlarda halka teorisinin bir genellemesi olarak ¢aligilan
yiiksek halka teorisinde 6zel bir saha olusturmak iizere ortaya konulan bu ¢alismanin temelini, tam kapal

Krasner yiiksek halkalar ve Krasner yiiksek halkalarda (hemen hemen) tam bagimlilik uygulamalar
olusturmaktadir.

Anahtar Kelimeler: Krasner yiiksek halka, yiiksek halka, tam bagimlilik, hemen hemen tam bagimlilik.

1. Introduction

Hyperrings and hypermodules categories have significant roles in hyperstructure theory. We
refer to the reader having some elementary features of these theory in [1],[6] and [8]. In
addition, since our study is a generalization of [9]'s work, the integral dependence in rings can
be accessed from this source. Recall that some definitions and theorems from the above
references are necessary to improve this article.

For an arbitrary set A#@, let P*(A) = P(A)\@. The couple (4,0) is defined as hypergroupoid
if there is o: A X A — P*(A) is a function, namey hyperoperation. As can be understood from
this definition, hypergroupoids are a proper generalization of groupoids. For two nonempty

subsets X, Y < A, let X oY =Ujox. We write {s} o X := s o X and X o {s} := X o s whenever
yEY

s € A. If a hypergroupoid (A,0) satisfies the equality ao (boc)= (aeb)oc for every
a,b,c € A, then (4,0) is said to be a semi-hypergroup. A hypergroupoid (4,0) is called a
quasihypergroup in case secA=Aos=A for every element s in A. If (4,0) is a
quasihypergroup and a semi-hypergroup, then (4,°) is defined as a hypergroup. Let (4,0) be a
hypergroup and B (#0) be a subset of A. , B is said to be a subhypergroup of A if
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boB = B = B o b for every element b of B. In [5], a hypergroup (4,°) is called canonical (i)
if for every a,b € A, aob =boa, ie. (A,) is commutative; (ii) there is an elemente € A
such that {a} = (ace) N (eoa) foreach a € A; (iii) there is a unique a~! € A such that
e €aoalforeverya € 4; (iv) s € y o z provides that y € s o z71 for every element s of A.
In the second expression, the element e is said to be the identity element of the hypergroup
(4,°). Inthis paper, we consider some types of hyperrings and hypermodules. A triple (S, +,.)
is named a Krasner hyperring provided

1. (S, +) is hypergroup which is canonical;

2. (S,.) issemi-hypergroup with zero element x providing 0.x = x.0 = 0;

3. "."isdistributive with respect to " + ".

(S, +,.) isnamed a hyperring if
1. The canonical hypergroup (S, +) has scalar identity Og;
2. (S,.) isasemi-group;
3. "."isdistributive with respect to " + ".

In this place "." is a hyperoperation on S. Each hyperring (S,+,.) holds following two
statements: u.0 = 0.u = {0} and u.(—v) = {-z|z € u.yv} = (—u).v = —(u.v) for each
u,v € S. We denote a hyperring (S, +,.) with S for short. If S is commutative with respect to
its hyperoperation ".", then S is named commutative. If f € f.1 for every element f € S, 1 is
named identity element of a hyperring S. Assume that S is a hyperring including 1. Following
[11], a hypermodule M over the hyperring S means a triple (M, +,0) in the fact that a canonical
hypergroup (M, +) have a scalar identity 0,, and the operation o: S x M — P*(M) satisfies the
followings for every element f,g € S and a,b € M,

1. fo(a+b)=foa+ f ob;

2. (f+g)eca=foa+ge a

3. (f.g)eca=fo(gea)ya€ loa

For an S -hypermodule (M, +,0) and every u € S and a € M, we can write

uo0y ={0y}=0caand uo(—a) =(—u)oa =—(uca)={-b|b €uoa}. We denote
an S-hypermodule (M, +,0) with M for short. In [5], this notion is generalized as hypermodule
over a Krasner hyperring.

For a commutative hyperring S, let J (@) be a subset of S. J is named hyperideal if x —y € |
and a.x € ] foranyelementa € Sand x,y € J.If J;,], are hyperideals of S, the sum J; + J,
is also hyperideal of S. For Krasner hyperrings S and S’, a function f:S — S’ is named a
strong hyperring homomorphism if f(x +y) = f(x) + f(y) and f(x.y) = f(x).f(y) for
every element x, y € M. Assume that (S,+, .) is an arbitrary ring and H is a subset of S. H is
named a multiplicative subgroup of S if (H,.) is a group. If S = SH and sH = Hs for every
element s in S, then H is named a normal subgroup of S. We indicate that the rings including
identity elements known as normal subgroups. A normal subgroup H of S contains an
equivalence relation P in S and a part of S in equivalence classes, which inherits a hyperring
structure from S. The hyperrings obtained with this structure are named quotient hyperrings are
written by S/H. Let S be a hyperring. S is named integral hyperdomain if for each f,g € S,
0 € f.g impliesthat f = 0 or g = 0. S is named a hyperfield in which every nonzero element
has a inverse in S in [8]. A hyperring S including 1 is named a principal hyperideal
hyperdomain if S doesn’t contain zero divisors and every hyperideal of S is generated by a
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single element ([4]). Assume that S is a hyperring. S is named Noetherian if S satisfies the
condition (ACC) on hyperideals of S (see [3]).

Assume that Mis an S-hypermodule and N (#0) is a subset of M. N is named a
subhypermodule of M, denoted by N <M, if N is an S-hypermodule under the same
hyperoperations on M. It is shown in (Proposition 2.3, [10]) that if xca < Nanda—b € N
for every element x € S and a,b € N, thenby N < M. Let M be a canonical S-hypermodule.
If".":SXM— Mvia (s,m)+— s.m € M ands.0 = 0 is an externel operation, then M is
named a Krasner S-hypermodule. Let T be a nonempty subset of a hypermodule M. (T) is
defined as a subhypermodule of M generated by T if (T') is the smallest subhypermodule of M
containing T.

2. Main Theorems
2.1. Integral Dependence in Krasner Hyperring

Let R be a subhyperring of a hyperring R'and a,, a,, ..,a,, € R'. We denote with
R[a4, a, ..., a,,] that is a set of polynomial expressions in a4, a,, ..., a,, with coefficients in
R. Therefore, if X;, X,, ... X,, are indeterminates, then

Rlay, ay, ..., an] = {f(ay, az, ..., aq)|f (X1, X3, .. Xm) € R[Xy, X5, . X ]}

The mapping f (X, X3, ... X;n) — f(aq, ay, ..., ay,) IS @ strong hyperring homomorphism from
R[Xy,X,, ... X Into R', so its image R[aq, a,, ...,a,] IS to be a subhyperring of R'. Here
R C R[a4, ay, ..., Q]

2.1.1. Lemma Given a hyperring R, letbe d = det[a;;] where a;;, b; € R fori,j = 1,2, ..., m.
If X7Lia;.b;=0foralli=1,2,..,m,thend.b; = 0 where j = 1,2, ..., k.

Proof. Let d;; be the cofactor of a;; in the matrix [a;;]. Then X7, d;;. ay, = {Bl llj;]]z};l
Hence
m m
0 :Zdlh<z aih.bh)
i=1 h=1
m m
=Z< dih.aih).b.hzd.bj
h=1 \i=1
forj =1,2,...,m. |

Given an R-hypermodule M. M is named finitely generated provided that there is a finite
subset {m,, m,, ..., m;} of M generating M, that is,
M = {x|3ry, 1y, ...,7c € R,k € Nsuchthat x € Y}, rym; }

2.1.2. Proposition Assume that R’ is a hyperring and a is an element in R’. For a subhyperring
R, the followings are equivalent:

1. There are elements by, by, ...., b1 € R (m = 1) provided that
bo+by.a+-+b, a1 +a™=0.
2. Hypermodule R[a] over R is finitely generated.

3. There exists a subhyperring R of R" provided that a € R" and the hypermodule R"
over R is finitely generated.

751



On Prime Hyperideals of a Krasner Hyperring

Proof. (1)= (2) Assume f(X)=co+c;. X+ +cyX* € R[X] is polynomial with
deg f(X) = d > m. Therefore we can write
fl@)=co+cr.a+t-+cg_1.a% 1+ c4.a™b

=c)+cy.a+-+cy_,.a®"1 for some element b € R

It is continued similar procedures until R-hypermodule generated by 1,aq, ....,a™ for f(a).
Therefore, as a R-hypermodule [a] = R1 + Ra + --- + Ra™ ; hence R[a] is finitely generated.
(2)=(3) If R is taken as R[a], the proof is provided.

(3=>() Suppose that a4, a,, ..,a,, Qgenerate R" over R. For i=12,..,m,
a.a; =Y bj.a; b €R, or Y(bj —6;.a).a;=0. If d=det|b;—&;.a] then
d.aj=0 forj=12,..,m byLemma2.1.1. Thus d.c = 0 forevery c € R”. Withc = 1 we
getd = 0. Since d is a polynomial in a with coefficients in R such that the coefficient of a™
is +1, this is also desired. ]

2.1.3. Definition Assume R’ is a hyperring, R is a subhyperring of R'and a is an element in R'".
ais named integral on R if the equal conditions in the above proposition are satisfied. Moreover,
R’ is named integral on R in case every element in R’ is integral on R. If the elements of R are
the only elements of R’ that are integral on R, R is named integral closed in R’ . If R is integral
closed in its total quotient hyperring, R is named integral closed.

2.1.4. Proposition Assume R is a subhyperring of a hyperring R’ and
R, = {ala € R' and a is integral on R}. Then R, is a subhyperring of R and R € R,,.
Proof. Clearly, R € R,,. Leta, b € R,. Then the R-hypermodule R[a] is finitely generated and
the R[a]-hypermodule R[a, b] = R[a][b] is finitely generated. Since a — b, a.b € R[a, b], we
obtain that a — b,a. b € R,. It means that R, is a subhyperring of R’. m

Mentioned in Proposition 2.1.4, R, is named the integral closure of R in R'. It follows from
the next proposition that R, is integrally closed in R’.

2.1.5. Proposition Let R < R' < R" be hyperrings. Suppose that R’ is integral on R and
a € R" isintegral on R'. Then a is integral on R.

Proof. Suppose by + b;.a+ . +by,_y.a™ 1 +a™ =0 where bgyby, .., by_1 € R'.
Therefore a is integral on R[by, by, ..., b,,_1]. It follows that the krasner R-hypermodule
R[by, by, ..., by_1, a] is finitely generated. This means that a is integral on R. |

For a Krasner hyperring R, let S be multiplicatively closed subset of R with 1 € S. Following

[7], the construction of S~1R is named hyperring of fractions if a hyperring structure is defined
as follows: % + ? = %tbs and % ? = % for every element % g of S™R. Here a relation “=”
ison R x S defined by (a,s) = (b,t) ifand only if 0 € (a.t — b.s).u for, where u € S. Then
obtained equivalence class of (a, s) with % and family of whole equivalence classes is denoted

by S7IR.
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2.1.6. Proposition Assume that R' is a hyperring, R is a subhyperring of R'and S is a
multiplicative system in R. Then S~1R is a subhyperring of S™1R’. Moreover, if R’ is integral
on R, then S~R’ is integral on S™IR.

Proof. Let 05 and 05’ be the S-components of 0 in R and R’, respectively. We certainly have
0 €0'NR. If a€ 05’ NR, then s.a =0 for some s €S. Since S € R, we obtain that

a € 04r. Thus Og = 04 N R. Hence the mapping taking% €S7IR onto% € S~R’ isan injective
strong hyperring homomorphism; if we identify% € SR withits image% € STIR', then SIR
can be considered as a subhyperring of S™1R’. Suppose that R’ is integral on R, % € STIR',
a € R and s € S. There exists elements b, by, ..., b,,—1 € R such that we have

bo + bl' a+ -+ bm_l.am_l + am = 0. Then

by by a | bpy _(g}m_l (gjm _ by +by-a+...+by, 4 -a™ L +a™ 0
m m-1 m
S S S S S S S
So % is integral on S~1R n

Assume that R is a hyperring. In [2] or [11], a proper hyperideal P of R is named a prime
hyperideal of R if whenever AB < P either A € P or B € P where A and B are hyperideals of
R. For aprime hyperideal P of R, weobtainthat S = R \ P is multiplicatively closed and denote
by S™'R = Rp. Let R’ be a hyperring, A be a hyperideal of R and A’ be a hyperideal of R’
suchthat A = A’ N R, then A" is named lie over A.

2.1.7. Theorem Assume R is a subhyperring of a hyperring R, R’ is integral over R and P is
a prime hyperideal of R. Then there is a prime hyperideal P’ of R’ that lies over P. Moreover,
if P" and P"" are prime hyperideals of R’ that lie over P and if P’ < P, then P’ = P".
Proof. The family of hyperideals A" of R’ such that A" n R € P is nonempty, and it follows
from Zorn’s lemma that this family contains a maximal element P'. Then P’ N R € P. Suppose
PPNRcPanda€P,a¢P'. Then P' c P'+ R'a and consequently, by our choice of P’,
(P"+R'a) NR & P. Therefore there is an element c € P’ and r € R’ suchthatc +ra =b ¢
Pbutb € R.Fordy,dy,..,dp_1 ER, dy+dy.7+ -+ dp_q. 7™ 1 +7r™ = 0. Then
b™+dy_q.a.b™ 1+ 4+d;.a™ b+ dy.a™
=(c+ra)™+d,_.a(c+r.a)™1+-+d.a™t(c+r.a)+dya™
=fle)+a™ (™ +dp_1. 7™+ -+di.7+dy) =f(c) EP'NRC P;

where f(c) is a polynomial in ¢ with coefficients in R'. Hence, since a € P, we have b™ € P,
S0 b € P, a contradiction. Thus PN R = P. Let S= R\ P. Therefore S is a multiplicative
system in R'. If P = R, then P" = R" which is prime, so we may assume P # R. Let A’ be a
hyperideal of R’ with P’ c A'. Then A" N R £ P so A’ N R meets S; hence A' NS # @ . Hence
P’ is a maximal in the set of hyperideals of R’ whose intersection with S is empty. Assume
P’ c P" areprime hyperideals of R’ that lie over P. Leta € P” witha & P’. Since a is integral
on R there exists at least positive integer m such that there are elements by, by, ..., b1 € R
for which a™ + b,,,_;.a™ *+ -+ b;.a+ by € P'. Therefore b, € P NR=P =P NR.
It  follows  that a(@ !+ b,_4.a™2+--+b)EP, but  a¢P, SO
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a™l+b,_,;.a™?+--+ b, € P'. This contradicts our choice of m. Thus, if P’ € P”,we
must have P’ = P". ]

2.1.8. Corollary For a hyperring R, let R' be as in the Theorem 2.1.7. Let Py € P, C ..C P,
be a chain of prime hyperideals of R. If the prime hyperideal P, of R’ lies over Py, then there
is a chain Py c P; c --- c P, of prime hyperideals of R’ such that P; lies over P; for
i=0,1,..,m.lf for agiven i, there is no prime hyperideal of R strictly between P; and P, ,
then there is no prime hyperideal of R’ strictly between P; and P, .

Proof. By the hypothesis, we have shown that there is Py c --- c B,, of prime hyperideals of

R’ such that P; lies over P; for i = 0,1, ...,m. Then Pi can be considered as a subhyperring of
k

i—: for 0 < k < m. Thus, by Theorem 2.1.7. there is a prime hyperideal P, , of R’ such that
k

Py P . : ;
’;jl lies over % So we have Py, lying over Py, . Suppose that P’ is a prime
k k

hyperideal of R’ and that P, ¢ P' c P;, ;. Again by Theorem 2.1.7, P cannot lie over either P;
or P;,,. Therefore the prime hyperideal P’ N R of R is strictly between P; and P;,; . m

P, c P, and

2.2. Almost Integral Dependence in Krasner Hyperring

Now we shall define notions of almost integral over a hyperring and complete integral closure
of a hyperring and give some properties of these subhyperrings.

2.2.1. Definition Assume that R is a subhyperring of a hyperring R’. An element a € R" is
named almost integral over R if there is a finitely generated subhypermodule of the R-
hypermodule R" which contains all powers of a.

It is clear seen that every element of R’ which is integral over R is also almost integral over R.
But the converse is not always true. Assume that R is an integrally closed hyperdomain with
quotient hyperfield K. LetT = R + XK|[X]. T is integrally closed and K[X] is the complete
integral closure of R in K[X]. If Krasner hyperring R is Noetherian, then the converse holds.

2.2.2. Definition Let R be a subhyperring of a hyperring R’. The set R, of all elements of R’
which are almost integral over R is the complete integral closure of R in R'. If R, = R, the R
is completely integrally closed in R.

It is immediately clear that the complete integral closure R, of R in R is a subhyperring of R’.
However, R, is not necessarily itself completely integrally closed; an example is given in the
Example 2.2.3.

2.2.3.Example The complete integral closure need not be completely integrally closed. Assume
that K is a hyperfield and X, Y are indeterminates. Let R = K[{X?"*1yn(n+D| n > o}].
Then the quotient hyperfield of the hyperfield R is K(X,Y). If R" = K[{XY"|n = 0}], then
R cR' <€ R" € R* < KI[X,Y], where R* is the complete integral closure of R. Since for any
element of R, the exponent of Y in any of the monomials of that element is less than or equal to
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the square of the exponent of X in the same monomial, Y is almost integral on R’, and hence is
almost integral on R*, butthat Y ¢ R*.

Furthermore, if R, T,and T' areringswithR € T < T’ thenanelement a € T may be almost
integral over R as an element of T', but not almost integral over R as an element of T; it is
given a counter example of this fact in Example 2.2.4.

2.2.4. Example Assume that R € T, € T, are hyperrings. For i = 1,2, let R; be the complete
integral closure of R in T;. It is clear that R, € R, N T;. If T is a subhypermodule of some Tj;-
hypermodule M such that T, is a direct summand of M, then R, = R, N T;. In addition, the
same conclusion holds if every finitely generated T;-module M with T, S M CT, is a
subhypermodule of a T;-hypermodule of which T, is direct summand. If T is a principal
hyperideal hyperdomain, then R, = R, N T;. Assume that K is a hyperfield and X, Y are

indeterminates over K. Let R = K[{XY"|n>1}], T, =R[Y] and T, = Tl[i]. It is continued

similar procedures until R,, and R, are as above, we have R, € R, N T;.

Even though the complete integral closure of one ring in another may not be completely
integrally closed, we have the following:

2.2.5. Proposition Let R be a subhyperring of a hyperring R’ and R, the complete integral
closure of R in R'. Then R, is integrally closed in R".

Proof. Let x €R’ be integral over Ry; x¥+ap_;.x*1+--+a,=0, where
Ao, ..., Ax_1 € Ry. Itfollows that x is integral over the hyperring R[ay, ..., a;_4]. a; is contained
in some finitely generated subhypermodule of the R-hypermodule R" fori =0, ...,k — 1, say
M; = Rx;; + -+~ + Rxy,, where each x;; € R". Then R[a,, ..., ax_1] & My ... M,_1, which is the
subhypermodule of the R-hypermodule R" generated by all products x, x4, - Xk—1,j,_, Where
each j; runs between 1 and m;. Hence x is contained in

R[x] € Rlay, ..., ay_4, x]

— V-1 h
= YrzoRlag, .., ar_1] x

k-1 k-1 $Mi h
C Yrzo2izo jie1 RX0jyX1j, e Xk—1,jp_, X"

which is finitely generated subhypermodule of the R-hypermodule R’. Thus x is almost integral
over R, and so x € R,. Therefore R, is integrally closed. |

2.2.5. Corollary Let R, R,, and R, be subhyperrings such that R € R, € R,. If each element of
R, is almost integral over R, and if R, is integral over R, then each element of R, is almost
integral over R.

3. Conclusion
In this paper, it is obtained integral dependence on krasner hyperring by using prime hyperideals

of the hyperring. In this way various properties is brought in theory of Krasner hyperring. In
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the second section, prime hyperideals of the hyperrings are classified. In the third section, it is
treated as a subject of almost integral dependence in the notion of hyperfields.
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