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Abstract

In this paper, we present new analogues of the Filbert and Lilbert matrices via products
of two k-tuples asymmetric entries consist of the Fibonacci and Lucas numbers. We shall
derive explicit formulee for their LU-decompositions and inverses. To prove the claimed
results, we write all the identities to be proven in g-word and then use the celebrated
Zeilberger algorithm to prove required g¢-identities.
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1. Introduction

Let {U,} and {V,,} be the generalized Fibonacci and Lucas sequences, respectively,

whose the Binet forms are

n__ an 1—qgn

Un:g:a”_1 T and Ve=a"+p"=a"(1+4"),

a—pf 1—g¢q
where ¢ = /a = —a~2, so that a = i/\/g. When a = 1+2\/5 (or equivalently ¢ =
(1 —+/5)/(1 ++/5)), the sequences {U,, V;,} are reduced to the Fibonacci sequence {F,}
and the Lucas sequence {L,}.
Throughout this paper we shall use the g-Pochhammer symbol

(;)n =1 —2) (1 —2q)... (1 — xq”_l) .

In the literature, there are many combinatorial matrices constructed by terms of spe-
cial integer sequences or their functional analogues. For example, they are constructed via
the binomial coefficients, the Gaussian g-binomial coefficients or the well-known integer
sequences such as natural numbers, the Fibonacci and Lucas numbers. For these combi-
natorial matrices and their properties, we refer to the works [2-6,14-17,21,22]. Now we
recall some well-known combinatorial matrices from the current literature:
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Chu and Di Claudio [5] studied the matrix [((a))JHZ , where a and c are

It ] 0<i,j<n
complex numbers, {\;}"_, are integers and (x),, is the shifted factorial of order n.
They also presented some variants of the above matrix.

For nonnegative integer g, Zhou and Zhaolin [21] studied the g-circulant matrices
whose elements consist of the Fibonacci and Lucas numbers, separately.

Hilbert matrix 3 = [hy;] is defined with entries

1
hij = ———.
14+5—1
As an analogue of the well known Hilbert matrix, Richardson [20] defined and
~ n
studied the Filbert matrix H,, = {hi]} with entries

,j=1
1
M
Fiyj

Tlij =

where F, is the nth Fibonacci number.

e The Filbert matrix has been extended by Berg [1] and Ismail [7].

e Also several generalizations and analogues of it have been investigated and studied.
For example, Kilig¢ and Prodinger [8] gave a generalization of the Filbert matrix
denoted by F with entries

1
fi=
iJ Fi—i—j—H" )
where r > —1 is an integer parameter.
Kili¢ and Prodinger [10] introduced two new variations of the Filbert matrix F

denoted by G and £ with entries, respectively

_ B o - i
9ii = F an =7 )

A(i+7)+s A(i+g)+s
where s, 7, and A are integer parameters such that s # r, s > —1, and A > 1. This
was the first nontrivial example where the numerator of the entries is not equal to
ZEro.
Kilig and Prodinger [9] gave a further generalization of the generalized Filbert
matrix F by defining the matrix () with entries

1

b
FivjtrFitjpri1--Fitjrrik—1

Qij =

where > —1 is an integer parameter and k£ > 0 is an integer parameter.
Some authors generalized and extended the concept in a series of papers [8—13,19]
to matrices with entries

1

Fxit)+rEx(i+g+ 1)+ ENtjrk—1)+r

and
1

LGitg)4r DA+ 1r--Dagrjrk—1)+r

where r > —1 and A\, k > 1 are integer parameters.

Kilig and Prodinger [11] went one step further, by allowing an asymmetric growth
of indices. They, however, confined themselves to kK = 1; for this instance, the
inverse matrix also enjoys nice closed form entries, which is no longer true for
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k > 2. To be more specific, they introduced four generalizations of the Filbert
matrix F, and defined the matrices T, M, H, and Z with entries by

Litpj+r

1 Fitpj+r
) hl] = L )
Nit-pj+s

y Miy = Ia I and Zij =
Ai+pj+s Aitpg+r

ti; =
Y Fritpjtr
respectively, where s, 7, A, and p are integer parameters such that s # r, s,r > —1,
and A\, > 1. To prove their results, the authors could not use the ¢-Zeilberger
algorithm because the summand they needed, are not ¢-hypergeometric. So they
used the backward induction to prove their claims.
In these summarized works, the authors derived explicit formulae for the LU-decompositions
for the matrices mentioned above. Also they derived explicit formulae for their inverses.
In this paper, inspiring by the all works mentioned above, we shall present new analogues
of the Filbert and Lilbert matrices. We study two matrices A and B with entries

1

Ai' =
J
(Fitjtr+1FipjprazFigjirin) - (LicjrstrLizjrstoLizjrsik)

and
1
(Livjtr+1Livjrs2--Ligjirin) - (Limjrst1Lizjrsto-Licjistk)’
where r, s, A\, and p are integer parameters such that s # r, r,s > —1, and A\, u > 1. We
shall derive explicit formula for the LU-decompositions and their inverses.
Thus we denote g-forms of the matrices A and B by A and B, respectively. In that
case, they are

Bij =

Ana = (1— q)k (_1)k(n+7”+s+1)+1 ik(k+s+r)q%k(k+r+s)+nk

1
X
k
tljl [(1 _ qn+d+r+t) (1 + qn7d+s+k)]
and
Bpg = (_1)k(n+r+s)+1 ik(k+r+s+1)q%k(r—i-s—i-k—&—l)—l-kn

1
X Y

k
[T [(1 + gutdtr+t) (1 4 gn—d+s+k))
=1

t

respectively. After this, we will present all our results for the matrices A and B because
all our identities hold for a general ¢. Thus one can obtain the results related with the
matrices A and B by taking ¢ = (1 — \/5) / (1 + \/5) .

We briefly clarify what will be done throughout this paper. We will derive explicit
formulee for LU-decompositions and inverses of the matrices A and B. Here we only prove
some of the claimed results rather than all of them. We will use the celebrated g¢-Zeilberger
algorithm [19] to prove the claimed results. In detail, all the results related with the matrix
A will be listed in Section 2 without proof. All the results related with the matrix B will
be listed in Section 3 without proof. We also give Fibonacci-Lucas corollaries of our results
after each result by choosing a special value of ¢, ¢ = (1 — \/5) / (1 + \/5) in Sections 2
and 3. Then, in Section 4.1, we will give the proofs related with the matrix A. For the
matrix A, we prove the claim about the LU-decompositions of the matrix A as well as the
claim about the matrix L and its inverse matrix L~'. In Section 4.2, for the matrix B, we
prove the claim about the LU-decompositions of the matrix B as well as the claim about
the matrix U and its inverse matrix U ~!. While proving the claimed identities mentioned
just above, we use the g-Zeilberger algorithm.
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2. The main results

In this section, we will present all our results related to matrix A. We start with giving
the matrices L and U yielding from the LU-decomposition of the matrix A of the form
A = L.U in the following next two theorems.

Theorem 2.1. For1<d<mn,

J(n=a) (4:9),,—1
(G Dn—a (D41

(qd+r+2’ q) ek (=g, ) grrr ( g2kt q) »

X .
(qn+r+2;q)d+k_l( q" d+s+1. Q)d—i—k 1( qd+k+s+r+2;q)n_d

Ln,d = (*q

Fibonacci-Lucas corollary for k =3, r =4, and s =2 :

Corollary 2.2. For1<d<mn,
ned n—1 d+2 —d
(-1) (H Ft) II Firass H Lo H Liy2449
=1 =1 =1
Ly,q= .
’ n—d d—1 d+2 n—d
(tl:ll Ft) (tl:ll Ft) <tl:[1 Ft+n+5> <1:[ Lt+n—d+2> (tl:ll Lt+d+10>

Theorem 2.3. For1 <d<mn,

)

d—‘,—k—l—n(d—l)—l—m k (Q7 Q)n—l
2 (l=q) ———
(q’ q)n—d

(qk; q) . (_qd+k+r+s+2; q) . (

(=a= 05 g) 4 (@ )y (@20 (S0 @)

xq

_ nt+r—s+1.
q 1) g1

X

Fibonacci-Lucas corollary for k =3, r =4, and s =2 :
Corollary 2.4. For1<d<mn,
Uy, = (_1)7n(d71)+% 53/2

d—1 1 d—1
(H Ft+2> H Ft (H Lt+d+10> <H Lt+n+2>
t=1 1 t=1
x n—d d—1 — d+2 d+2 '
<H Ft) <H Li_q- 5) <H +d+7> (H Ft+n+5> <H Lt—n+3>
=1 =1 = =1 =1

Now we shall formulate determinant of the matrix A in the following theorem.

Theorem 2.5. For 1 <n,d <N,

det Ay = (_1)’“\’ ik(k—r—s)Nq(k_1+n+

kN kd

k(k+r+s
(+27+))N

(_qd+k+r+s+2; q>d_1 <qk;q>d_1 (@:0) gy ( dtr—s+1. )
(—q = F=st1; q) (g T g) | (¢FT7+25q) —d+2

-1

X

d+k—1 ( >d+k—1 ‘

Now we present the inverse matrices L~! and U~! in the following next two theorems.
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Theorem 2.6. For1<d<mn,

L1 = (—1)tk-De=m) g+ ()

% (1 +q2d+k+r+s+1) (45 9)n_1
(G Dn—q (@D g

d+r+2. _ ,d—n+s+2. _ ntktst+r+2.
(q 7q)n—d( 9 ’q)n_d( 9 ’q)n—l
(qn+d+k+r; q)nfd (_qd-‘rk-i-s; q)nfd (_qd+k+s+r+2; Q)

n

Fibonacci-Lucas corollary for k =3, r =4, and s =2 :
Corollary 2.7. For1<d<mn,

_ d n+1)_ n
L= (—1))+ (737 Lo(ayrs)

n—1 n—d n—d n—1
<H Ft) I Fiyats Il Lita—ns3 (H Lt+n+10)
=1 =1 =1 =1

X .
n—d d—1 n—d n—d 7

(H Ft) <H Ft) (H Ft+n+d+6> (H Lt+d+4> (H Lt+d+10)
t=1 t=1 t=1 t=1 t=1

Theorem 2.8. For1<d<mn,

2d+r—s
Ul = (—1)dn=D ik(k+r+s)q(d21)+(g)+s_kk+;ﬁ(12‘1Q)k>
| —q

d+r+2. _ S5t+2—d. n+k+r+1. _ o —n—k—s+1.
(q ) q) n+k—2 ( q ’ q) n+k—2 (q ! q)n ( q ’ q)
(0% @)1 (G D) g (G D gy (—q¥FT775TLq),, (—gnTRtrTst2iq)

X n

Fibonacci-Lucas corollary for k =3, r =4, and s =2 :

Corollary 2.9. For1<d<mn,

_ d n+2 .
Uyl = (—1)E)+(" )L2(d+1)5 3/2
n+1 n+1 n n
(H Ft+d+5> ( 11 Lt—d+3> (H Ft+n+7> <H Ltn5>
=1 =1 =1 =1

(it ) (11 8) (5 8) (7 1) (] 1)

Now let us consider the inverse matrix again. Since A~! = U~'L~! and by the definitions
of the matrices U~! and L~!, we have the following result without proof.

Theorem 2.10. For 1 <1i,j < n, we have
(A7), = 14 (captos
1+ q2j+k+r+s+1) (14 g2+r=+)
k
(1= 0" (¢:0);-1 (6:9) ;4
i+r+2. . 5+2—i. t+k+r+1.

y Z 5+ (a =q)t+k—g (—q 1) k2 (q 7q>t

masx{i T} <t<n (qk; Q)t—l (_q1+r75+1; q)t (_qt+k+r+s+2; Q)t—l

(@ 0),_, (_qftfkferl; q)t (qj+r+2; q)t_j (_qut+s+2; q)t_j (_qt+k+s+r+2; q)

(€ @)i—i (@ 0)y—; (@R q), s (=741 q),_; (—gdTRFsT7H2q),

« q(j;rl)—%k(r-}—s-&-k)—l—s—jk—%(fﬁ—l) (

X =1
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The final formula given in the last theorem follows from some straightforward simplifica-
tions. Unfortunately, the sum cannot be evaluated in closed form as we saw.

3. The matrix B

Now we present all our results related to the matrix B. For convenience, we use the
same letters L and U, but with a different meaning. We present the matrices L and U
yielding from the LU-decomposition B = L.U in the following next two theorems:

Theorem 3.1. For1 <d<mn,
—d+1.
(q” ,q)
(q; Q)d_1

d+r+2. st +htrts+2.
(q ' ’q>d+k71( ¢ ’q)d+’f—1<qn o ’q> 1

( qn+r+2 q)d-l—k 1 ( qnfd+s+1; q)d+k—1 (qd+k+r+s+27 q)d—l :

Ln,d _ (_q)k(n—d) d—1

X

Fibonacci-Lucas corollary for k =3, r =4, and s =2 :

Corollary 3.2. For1<d<mn,

Ln,d
+2 d+2 d-1
( [I Fryn- d) ( l;[l Lt+s> (tl;[l L—t+d+2> <t£[1 Ft+n+10>
x d+2 d—1 )
(l:[ Ft> (l:[ Lt+n+5> (tl:ll Lt+n—d+2> (tl:ll Ft+d+10>

Theorem 3.3. For1<d<mn,

U = (_l)k(d—l) sk(k—r—s—1) (n—l)(1—d)+k(Lg+2)+(k;1)

(anrr 8+1’q)d .

(=" 2 Q) g1 (TR
k. . d+k+r+s+2. )
(g ,q)dfl (¢:9),1 (g q),

(@59)y_q (—qTFFr L)y (—qm k=5t Lg)

X

Fibonacci-Lucas corollary for k =3, r =4, and s =2 :

Corollary 3.4. For1<d<mn,

Ud,n _ (_1)n(1—d)
d—1 n—1 d—1 d—1
[[ Fryo (H Ft> Il Frvnye | | 11 Fiyrar1o
=1 =1 =1 =1
x n—d d+2 d—1 d+2 d—1 ’
II Fo| | II Léwnts | | IT Livasr | | TI Li—ns3 | | I Li—a—s
t=1 t=1 t=1 t=1 t=1

We can give determinant of the matrix B since it is simply evaluated as product of the
main diagonal elements of the matrix U yielding from the LU-decomposition B = L.U in
the following theorem.
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Theorem 3.5. For 1 <n,d <N,
det BN

_ (_1)kN ik(kfrfsfl)Nq(n—l-i—k(#)_,'_(k;q))]v

(_1)kd qfd(nfl)

=

d=1
k. . d 1 d+k 2.
(a%0) (@) (a7 1iq)  (qt4mtet2q)

(—qdtktrtlq), | (=g~ d-F=stlq), | (_qd+r+2;q)d+k_1( g d+s+2; PO dk— L

X

Now we present the inverse matrices L~ and U~! in the following next two theorems.

Theorem 3.6. For1<d<mn,
Ll = (—1)k+D(=a) g2+ =D (=)

v (1 _ q2d+r+s+k+1) (¢ Dy
(@D n—q (G Dg_q

(7qd+7"+2; q) o (7qd—n+s+2; q) o (qn+k+r+s+2; q)
(—qtdrkarg) g (—qdhTs;q), g (qitktrts+2 q)

% n—1

n

Fibonacci-Lucas corollary for k =3, r =4, and s = 2 :
Corollary 3.7. For1<d<mn,

d n+1)_ i —
L;b = (_1)(2)+( 2) d d+1L2(d+5)

n—1 n—1
(H Ft) (H Lt+d+5> <H Liya- n+3> (H Ft+n+10)
=1 =1
n—d d— n— n )
(H Ft) (H Ft> (H Lt+n+d+6> <H Lt+d+4> <H Ft+d+10)
t=1 t=1 t=1 t=1

Theorem 3.8. For1<d<mn,

X

Uyl = (—1)d+nk=D) ik(k+r+s+1)q(d;1)+(g)—w-i-s

,n
% (1 . q2d+7"fs) 1

(6D (@D g
( qd+r+2,q> d+s+27q>

i ( q s ( gL q) (_q—n—k—s-H; q)
(€% q),_y (@5t q), (qnthtrtst2q)

n

Fibonacci-Lucas corollary for k =3, r =4, and s =2 :
Corollary 3.9. For1<d<mn,

U, = (_1)(§)+(3)+1

)

Fyay)
n+1 n+1 n n

(H Lt+d+5> ( I1 Lt—d+3> (H Lt+n+7> (H Ltn5)
=1 =1 =1 =1

(i) (108) (1) (f 7o) (1 )

Now we consider the inverse matrix. Since B~! = U~'L~! and by the definitions of the
matrices U~! and L™!, we have the following result without proof.
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Theorem 3.10. Forn > 0,
-1 _(_1\—d—dk+i sk(k+r+s+1)
(Bn)7"),, =07

,

: 1 — g2itr—s (1_ 2j+r+s+k+1>
]Jgrl)—jk—i-s—%k(r—o—s—i-k)—%(3i+k—1)( 4 ) q

X (
! (4:9);i-1 (©:0);4

i+r+2. —its+2. t4k+r+1. q>
b
t

X th(tJrkfjfl) (—q ’q)t+k72 (_q' ’q)t+k72 (—q
t (qk; Q)t_l (q; q)t—z’ (qH-T—s-i-l; Q)t (qt+k+r+s+2; Q)t—l

(q; Q)tfl (_qj+r+2; Q)t,‘ (_qut+s+2; Q)t,' qt+k+r+s+2; q _qftfkfs+1; q
J J t—1 t

(@), (—g"TFtq), s (=i thFsiq),_ (g7 TRt tst2g),

X

The final formula as given in the theorem just above follows from some straightforward
simplifications. Unfortunately, the sum again cannot be evaluated in closed form as we
saw.

4. Proofs

Here we shall only prove four claimed identities related with matrices A and B in the
following subsections separately. We use the g-Zeilberger algorithm for all the identities
will be proven, our experiments indicate that they are Gosper-summable. The entries in
our examples, qualify for the g-Zeilberger algorithm that we used in our earlier papers.
Nowadays, such identities are a routine verification using the ¢-Zeilberger algorithm, as
described in the book [18].

4.1. Proofs related with the matrix A

We shall present the proofs related to the matrix A. For LU-decomposition of A, we
have to prove that

Z Ld,tUt,n = -Ad,n-
1<t<min{d,n}
Thus, consider

> LyUn

1<t<min{d,n}

—1) sk(k—r— no BEtrds)
= (_1)k(d 1) jk(k S)qk(d+1)+ + 25 1 (1- q)k (@ gy (@ @)y
1
t(l—n—k)
X q
1§t§§1{d,n} (G Dy (G0 gy

(qk:; q)t—l (_q2t+k+s+r+1; q) L (_qt+k+7‘+s+2; q)tq (=gl q),_

(q; q)t—l (_qt+k+s+r+2; q)d—t (_q—t—k—s-‘rl; q)t—l (qt-‘rk’-i-r-‘rl; q)t—l

(@"0) e (50

y .
@ 29) 1 (a5 0), 1 (@ 250) e (T 250)

Denote the last sum in the above equation by SUM,. The Mathematica version of the
g-Zeilberger algorithm produces the recursion

(1 o qd—l—n-‘rr)(l 4 qd—n+k+s+1)
q(l _ qn—l)(l _ qd-i-n-‘rk-‘rr)(l + qd—n-‘rs-i-l)

SUM,, = SUM,,_1.

Since
S

q

SUM1 — 9
(@) a—1 (g2, @)k (=g @)




692 E. Kilie, N. Omiir, S. Koparal

we obtain
1 n—i—d—i—k—i—r_l d—n+k+s|
SUM,, = T 53 7
"G Qa1 (P P(@G Q1 | n+d+r d—n+s
as claimed.

Now we prove

Z LntL d — 9n,d>

d<t<n

where 0, 4 is the Kronecker delta. By lower triangular matrices L and L=!, we need to
look at the entries indexed by (n,d):

S° LogLih = (—1)7trdktkn L5 (1 +q2d+k+r+s+1) %
dst=n (¢59)g_1
t —d ) .
3 (- o t(_qs+17q)t+kfl( ¢t +S+T+1,Q)n_t
X
d<t<n (@ 20) g (@5 Q) g (mgtTRESTT ),

tr42. dtr+2, d—t+s+2. t+k+s+r+2.
(" ’q)t+k—1( ' ) ( ’ )t d( 1 o ’q)t 1

(@504 (@5 0)y_g (gtFHaTRAT, Q)t—d (—qttk+s; q), 4 (—qdthtstrid q),

X

For the sum in the last expression, that is,

(D)—dt (_ s+1. ( 2t4k+s+r41. )
¢\ (=" ), e (g q)

(-1)° -
dgtzén (qn+r+2; q)t+k71 (_qn t+5+1; q)t+k71 (_qt+k+s+r+2; q)nft

t+r+2. d+r+2. d—t+s+2 _ttktst+r+2.
(¢%0) gy (a7 ,q)t_d( gt 7q)t_d( grHkTg)

(@ Dp—y (G Q) g (@ TR q) g (—qdHEES; q),_y (—qdHRHstre2;q),

X

the g-Zeilberger algorithm evaluates it as 0 provided that i £ j. If ¢ = j, it obvious that
the sum is equal to 1. Thus
Z Ln7tL;é = 6n,da

d<t<n

as claimed.

Similarly, using the g-Zeilberger algorithm, one could prove the result

—1
Z Ua Uiy = ddn-
d<t<n

4.2. Proofs related with the matrix B

In this part we shall give the proofs related to the matrix B. For LU-decomposition of
B, we have to prove that

Z LyiUipn = Bapn.

1<t<min{d,n}
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Thus, consider

Z Ld7tUt,n

1<¢t<min{d,n}

_ (_1)k(d71) ik(k—r—s—l)

q(k§1)+%k(r+s+2n)+k+n—1

d—t+1.

(-120)
—k— -1
X (Q' q) . }: qt(l k—n) t
o 1<t<min{d,n} (q; q)t—l (QQ Q)nft

(_QHH_Q; q)t+k—1 (_qSH? q)t+k—1

(_qd+r+2; q)t+k71 (_qd—t—i-s—i-l; q)t+k71 (qt+k+r+s+2; q)tfl

X

(qk; q) (qn—i-r—s—i-l; q)t . (qt+k+r+s+2; q) (qd+k+r+s+2.
t—1 - t—1

(=g q), oy (") gy (TR 0) g (-4

693

Denote the last sum in the above equation by SUM,,. The algorithm produces the recursion

q—l(l +qd+n+r)(1 +qd—n+k+s+1)

SUM, = (1 — qn 1)(1 + qrnthtr)(1 4 gdntstl)
Since
qS
SUM; = :
(=L =) (= g4 55 @
we obtain
SUM. — gt n+d+k+r
" GO~ D@ D1 | n+d+r

as claimed.

We continue with proving
-1
Z Ua Uiy = On.d,

d<t<n

SUM,,—1.

Md—n+k+s
d—n-+s

where 0y, 4 is the Kronecker delta. By the lower triangular matrices U and U ~1, we need

to look at the entries indexed by (n, d):

Z Ud,tUtTnl = (_1)—n+k(d+n) q(g)+d+k+s
d<t<n

X

(qk’;q>d (_qn+k+r+1;q> (_q—n—k‘—s—i-l;q) (qd+k+r+s+2; )
—1 n n

(qk; q)n—l 7q7dfkfs+1; q)d—l (qn+k+r+s+2; Q)n—l (7qd+k+r+1; q)d—l

1yt (D) —dt (1 — g?tHr=s)
deén( Vi (60)—q (6 D)y

(qt+rfs+1 . t+r+2.

101 (=0 %0), o (g

) Q) n+k—2 .

(_qt+r+2; q)d+k—1 (_q—t+s+2; q)d—i—k—l (qt—l—r—s—i-l; q)n

For the sum in the last expression, that is,

3 (—1)! q(;)—dt (1—¢")
d<t<n (q; Q)tfd (Q; Q)nft
(g =t ) (—q"+ 2 q)nJrki2 (—q st

) q) n+k—2

(_qt+r+2; q>d+k—1 (_q—t+s+2; Q)d—i—k—l (qt-&-r—s—i—l; Q)n
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the g-Zeilberger algorithm evaluates it as 0 for i # j. If i = j, it is obvious that the sum
is equal to 1. Thus

1
Z Ua Uiy = ddn,
d<t<n

as claimed. Similarly, using the g-Zeilberger algorithm, we have

1]

[22]

-1
Y Lotlig = ona-
d<t<n
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