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1. Introduction

In recent years, theory of convex functions has received special attention by many researchers because of its importance in different fields of
pure and applied sciences such as optimization and economics. Consequently the classical concepts of convex functions has been extended
and generalized in different directions using novel and innovative ideas, see [4, 7, 8, 10, 12, 17, 18]. A functions f: / C R — R is said to be
convex if the inequality

flx+(1=1)y) <tf(x)+(1-1)f(¥)
holds for all x,y € I and ¢ € [0, 1]. One of the most famous inequality for convex functions is so called Hermite-Hadamard inequality as

follows:
Let / be an interval of real numbers and a,b € I witha < b. If f : I — R is a convex function, then

<a+b) /f ) < )+f()

The Hermite-Hadamard inequality usually stated as a results valid for convex functions only, actually holds for some different type of
convexity. For recent results concerning Hermite-Hadamard inequalities obtained via different type of convexity, see ([1]-[20]).
In [17], G.Toader defined m — convexity as the following:

Definition 1. The function f : [0,b] — R, b > 0, is said to be m — convex, where m € (0, 1], if we have

fx+m(1—=t)y) <tf(x)+m(1—1)f(y)
forallx,y € [0,b] and t € [0,1].

Denote by K, (b) the set of the m — convex functions on [0, 5] for which f(0) < 0. In [10], V.G.Mihesan defined (o*,m) — convexity as the
following:

Definition 2. The function f : [0,b] — R, b > 0, is said to be (o* ,m) — convex, where (a*,m) € (0,1, if we have
Flex+m(1=1)y) <1 fx) +m(1—1%) £(y)

forallx,y € [0,b] and t € [0,1].

Email addresses: erhanset@yahoo.com (E. Set), eminozdemir @uludag.edu.tr (M. E. (")zdemir), neclakrkt63@gmail.com (N. Korkut)



Konuralp Journal of Mathematics 63

Denote by K& (b) the class of all (a*,m) — convex functions on [0, b] for which £(0) < 0. It can be easily seen that for (a*,m) = (1,m),
(o*,m) — convexity reduces to m — convexity; (a*,m) = (a*,1), (a*,m) — convexity reduces to a* — convexity and for (a*,m) = (1,1),
(a*,m) — convexity reduces to the concept of usual convexity defined on [0,b], b > 0. For recent results and generalizations concerning
(o*,m) — convex functions, see [1, 2, 14].

We give some necessary definitions and mathematical preliminary of fractional calculus theory which are used throughout this paper. The
symbols RLJ“I’i f and RLJ,‘;‘, f denote the left-sided and right-sided Riemann-Liouville fractional integrals of the order @ € R (see [9])
defined by

(RLIZ ) (x)

-

1
(@]
(BN = Fo |

(a

/'X(x_t)aflf(z)dz, O<a<x<bh),
P =)@ et (0<a<x<b),

respectively, where I'(x) = [¢° ¢ "u*~'du. Here is JS+ f= J,?, f = f(x). In the case of o = 1, the fractional integral reduces to the classical
integral. Some recent result and properties concerning the operator can be found [3, 5, 11, 15].

In the present note, we establish new Hermite-Hadamard type inequalities for (o*,m)-convex function via Riemann-Liouville fractional
integral. An intersting feature of our results is that they provide new estimate, on these types of inequalities for fractional integrals.

2. Main Results

In order to prove our results we need the following Lemmas:

Lemmal. Let f:1— R, I CR, be a differentiable mapping on I°(interior of I), m € [0, 1] and a,b € I, where 0 < a < b < o. If ' € L[ma, b],
ma € I, then

(x—ma)[(a+x)f(x) = xf(ma)| + (b — mx)[(x+b) f (mx) — xf (b)]

(b—a)?
712}()01—2)12) ((x,maa)a—l RLJY f(ma) + W RLJ,(,fx+f(b)>
x—ma)? [
= ﬁ/ol(ata-i-x)f'(tx—}—m(l —t)a)dt
—%/{)l(b(l—t)aﬁ-x)f'(zbﬁ-m(l—t)x)dt
for ¢ > 0 and x € (a,b).
Proof. 1t suffices to note that
I = %/()](ata+x)_f'(tx+m(lft)a)dt
—mx)? 1
—%/0 (b(1 =) +x) ' (th+m(1 — 1)x)dr
= I—b. Q.1
Integrating by parts
x—ma)?
L= ﬁ/ol(at“+x)f’(tx+m(1—t)a)dt
_ (x—ma)? [ (at® +x)f(tx+m(1 —1)a) 17 Uaor® 1 f(tx+m(1 —t)a)
= -ap { (x—ma) o (v—ma) "’]
x—ma)? [ (a+x)f(x) —xf(ma a 1
_ ((b—a))z (( - )(J; Qma)f (ma) _ s e f(tx—l—m(l—t)a)dt)
_ (x—ma)*[(a+x)f(x)—xf(ma)] aa (T —ma\ %!
N (b—a)?(x—ma) ~(b—a)? /ma (x—ma) f(z)d
_ ("’ma)[(a&f)ig?) —xf(ma)] (b_z)l;((z‘ _* Wllzl)afl R f(ma) 2.2

and similary we get
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L = (é’b’_”:;); /0 l(b(lft)‘x+x)f/(zb+m(lft)x)dz
_ (b—mx)? {(b(l—t)“—l—x)f(tb-i—m(l—l)x) !
 (b—a)? (b —mx) 0
U(ba(1 =) N f(tb+m(1 —1)x)

- (b—my) a
_ (b-mx)? < [xf(b) — (b+x)f(mx)]

(b—a)? (b—mx)

_bfor‘nx /(;1(1—t)o‘flf(tb—km(l—t)x)dt)
_ (o—mx)*[(0)F(b) — (b+x)f(mx)]  ba b—7 \*!
- (b—a)2(b—mx) T b-ap (b mx) f(z)d
= (b7mx)[(x)'{ﬁ;)gbﬂ)ﬂmxﬂ—( b)((aﬂ))a_l RIS f(b) 2.3)

Submitting (2.2) and (2.3) to (2.1), we have

(x — ma)[(a+x)£(x) — xf (ma)] — (b — mx) (b +2) (mx) — xf(b)]
(b—a)

o= RLJ f(ma) + W RLJrgﬁf(b))'

I =

F(a+1)<( a

(b—a)? \ (x—ma)

Lemma 2. Let f: 1 — R, I CR, be twice differentiable mapping on I°(interior of I), m € [0,1] and a,b € I, where 0 < a < b < e. If
f € Lima,mb), ma,mb € I, then

1 {(x(aJr 1)+b)f(x) —bf(mb) N (b(a+1)+x)f(mx) fxf(a)}

(b—a)? (mb —x) (mx—a)
- (ajL(;)—FEl()x;r : ((mb —xx)aﬂ RLI G f(mb) + (mx—ﬁ RLng—f(a))
- (();:Zlfz) /(;1 (19 x41b) £ (tx+m(1 —1)b)dr
(a—mx) [

1
(b—a) /0 (b(1=1)* + (1 —0)x) f"(ta+m(1 —1)x)dt

for & > 0 and x € (a,b).

Proof. 1t suffices to note that

= S ey e o
- laom) /l(b(l—t)“Jr(l—t)x)f”(ta+m(1—l)x)df
 (b=a)? Jo
Integrating by parts
L = (();_’Z;)/](a+lx+tb)f”(zx+m(1ft)b)dt
_ - mb)[(a+1x+zb)f/(rx+m(1z)b)‘
(b—a)? (x—mb) 0
/lf’<tx+m(1 r)b)((a+1>r°‘x+b>d]
0 (x—mb)

(2.5)
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N (X(Jl;i)i)/y) - (b,la)z /01((0‘+1)10‘x+b)f/(tx+m(17;)5)‘1[

GBS < (x(@+1)+b)f(x) — bf (mb)
(b—a)? (x —mb) (b —a)?

a(a+1)x (1 —mb\ %! 1
+(x—mb)(b—a)2 /mb (xfmb) f(r)xfmbdr)
(r+6)/"x) | (et 1) +b)f(x) ~ bf (mb)

(b—a)? (mb—x)(b—a)?
x(a+ DI (a+1)
 (b—a)*(mb—x)*+

T RLJE f (mb) (2.6)

and similary we get

_ -1
I, = %/0((1—t)'Hlb—i-(l—t)x)f"(ta-i—m(l—t)x)dt
_ (a—my) {((l—t)‘”lb—i—(l—t)x)f’(ta+m(1—t)x) !
(b—a)? a—mx 0
_/1 ((OH—l)(l—t)ab-i-x)f'(ta—i-m(l—t)x)dt}
0 a—mx
[0 )]
C -a?
(a—mx /1 ((@+1D)(1=0)%b+x)f (ta+m(1 —t)x)dt
(b—a)? Jo a—mx
_ _(b+x)f'(mx)+((xf( a) = ((a+1)b+x)f(mx))
(b—a)? (b—a)*(mx—a)

MO ac(l()xzz;zl)l;zx) /i (aa__,,fx) OHf (o) _lder)

_ (0 fmx) | (xf(@) ~ (00 +1)b+x)f (mx))
(b—a)? (b—a)*(mx—a)
gt P @

Submitting (2.6) and (2.7) to (2.4), we have

- 1 {(x(a+1)+b)f(x)fbf(mb)+(b(a+1)+x)f(mx)fxf(a)}
' (b—a)? (mb —x) (mx—a)

- 4—(11)—131))‘2+ : ((mb —xx)om RLT f (mb) + W RLJ,ffx—f(a)).

Now, we show some new fractional Hermite-Hadamard type inequalities involving left-sided and right-sided Riemann-Liouville fractional
integrals using our equalities in Lemma 1 and Lemma 2 via Definition 1 and Definition 2. Also, we will need the following elemantary
inequality in proofs of some theorems:

Lemma 3. /]9, 20] For A >0, B> 0, when 6 > 1 it holds
A%+ B < (A+B)? <2971(A% +-BY).

Now we are ready to present the main results in this paper.

Theorem 1. Let I be an open real interval such that [0,00) C I and f : I — R be a differentiable function on I such that f' € L|ma,b),
where ma € I with 0 < a < b < o. If || is (a* ,m) — convex on [ma,b] for some fixed o* ,m € [0, 1], then for any 0 < & and x € (a,b), the
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following inequality holds:

(x —ma)[(a+x)f(x) = xf(ma)] + (b — mx)[(x+ b) f (mx) — xf (b)]

(b—a)?
I'a+1) a o b o
e (e ) e e 10 )|
(x —ma)?

= (b—a)? (a+a*+1+a*+1)|f( )l

N 1f'(@)]
o+l oatort1 " a*+1

(b—mx)? | (bT(a+ 1)T(a* 4 1)
[( [a+a*+2) a*+1)‘f()|

+

(b—a)?
bm  bmI'(a+1)[(a*+1) xm ,
(a+1_ T(a+ o +2) xm_a*ﬂ)f(x)'}

Proof. Using Lemma 1 and || is (@*,m) — convex function, we have,

(x—ma)[(a+x)f(x) —xf(ma)] + (b — mx)[(x + b) f (mx) — xf (b)]

(b—a)?
- F(ff:)lz) ( = nfa)a,l RLIZ f(ma) + W RLJ,?,‘x+f(b)) '
< fb‘f;‘;)f /0 @ 9l (e m(1 - 1))
(fb‘_ﬁjlz [ 000 01 mt )
< ((lj_—m)f [ [ @l m = )
; %;";’;f [ 0000 [ @) (1 @

IN

(x = ma) U at® 4 )% | (x \dt—i—/ at® 4 x)m(1 — 1 )|f()\dt]

2{ b(1—1)% + )% | /(b \dt+/ (1=1)% 4+ x)m(1 1 )|f()\dz]

)C ma

()]

(a+a*+l (x*+l>

B /()]
o+l oa+o*+1 a*+1

(b—mx)? | (BT (a+ 1)T(a* +1)
(b—a)? {( (o4 o* +2) a*H)If( )l

J’_

o+1 INa+o*+2) M

+( bm _bmC(a+D0(@ +1) )f/("”]'

This completes the proof.

Corollary 1. In Theorem 1, if we choose (o*,m) = (1,1) and x = # we have

(a+D) <4f(%) — fla) ff(b)) 2010 (o+1) <
4(b—

a) T (b—a)@t! aRLJ&*f(a)+bRLJZ;,,+f(b)>‘

2
1 a a+b\, ,ra+b a a a+b
4 (a+2+ 4 )|f< 2 )|+(a+l_a+2 )If @)

+i[(brr((;++31)) a+b)|f()‘ (ail’brr(((jc:al)) a+b)‘f<a+b>‘.

IN
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Theorem 2. Let I be an open real interval such that [0,00) C I and f : 1 — R be a differentiable function on I such that f' € Lima,b], where
ma € 1 with0<a<b <o If|f'|7is (o*,m) — convex on [ma,b] for some fixed a* ,m € [0,1], g > 1, then for any 0 < & and x € (a,b), the
following inequality holds:

(x—ma)[(a+x)f(x) —xf(ma)] + (b — mx)[(x + b) f (mx) — xf (b)]

(b—a)?
INa+1) a " b 3
et (e 0 e e 10|
(x—ma)® (27'a? L \T (|7 ) / m|f'(a)|?
< G () (a*+1+m|f(a)\" aw)
(b (207100 g NF(SON L a
+W(pa+l+2p lxp) ( *+1 Sl == )

1 1 _
where;—f—a—l.

Proof. Using Lemma 1, Lemma 3, Holder’s inequality and the fact that | |7 is (a*,m) — convex function, one has

(x—ma)[(a+x)f(x) —xf(ma)] + (b — mx)[(x + b) f (mx) — xf ()]
(b—a)?

=y R —— ) |
< % [ @015 et —naa
O [0 =001 om0
< % ((/Ol(at‘x +x)"dr) : (/O1 | (tx 4+ m(1 —t)a)th);
O ([ ot -0 rrar) : (f 1w+ t>x>"df);
< %( / 2 laptp“—i-xp)dl)l( A & f'<x>4+m<1—z°‘*>|f'<a>q]dr)‘l’

1
b ) </ 271 (bP(1 t)"”‘—i—x”)dt)p

X(/O [[a*|f( N +m(1—1%)|f (x )|q}dt)"

- M(ﬂ*‘aqu_lx,,) (|f<>\q+m|f,(a)‘q mlf'(a >|4>

(b—a)? \ pa+1 *+1 o*+1
(b—mx)? (2P716P ' (b)) / mlf' ()|
)y (pa+1 +2F x”) <a*+1 tmlf @ -= )

Remark 1. In Theorem 2, if we choose (o*,m) = (1,1), we obtain

(x—a)[(a+x)f(x) =xf(a)] + (b —x)[(x+b) f(x) —xf(b)]

(b—a)?
_121()06_2;2) ((x—Z)“’l R fla) + W RLJgf(b))’
(c—ap (2l NI @)
= (bfa)z(pa+1+2p lxp>< 2 > )
(=02 (27100 oy N7 () IF I
+(b—a)2(pa+1+2p lxp) < ) 5 >

which is a special case of Theorem 3.6 for s =1 in [6].

Theorem 3. Let I be an open real interval such that [0,00) C I and f : 1 — R be a differentiable function on I such that f' € Lima,b], where
ma € I with0 <a <b <o If|f'|9 is (a*,m) — convex on [ma,b) for some fixed o*,;m € [0, 1], g > 1, then for any 0 < o and x € (a,b), the
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following inequality holds:
(x—ma)[(a+x)f(x) = xf(ma)| + (b — mx)[(x+ b) f (mx) — xf (b)]

b—ay
I (e I S 0n0) e e S8
< G () v G () s
where
vloymyx) = (oc+oc*+1 a*+1)‘f/(x)|q
( a+a*+1 m_afﬁl)vl(“)qr
olamy) = |(Tiata ot g IO

1

q

bm_ mbI'(a+ )I'(a" +1)
<OH—17 D(a+a*+2) +am— *+1)f()|:|

Proof. Using Lemma 1, the well-known power mean inequality and |f’|7 is (a*,m) — convex function, we have:

(x—ma)[(a+x)f(x) —xf(ma)] + (b — mx)[(x + b) f (mx) — xf ()]
(b—a)?

_r(lga—Z)l; ((x—nfa)“*l RS (ma) + W ) (b)) '
x—ma)? !
< ((bfa))2 /O(ata+x)|f/(tx+m(1—t)a)\d;
—mx)? !
(fb_a))z /O (b(1 =) +2)| f (tb+m(1 —1)x)|dt
x—ma)? [ [ =1/ 1
< G (f e enar) ([ i omt—poa)
— mx)? 1 175 1 5
+(fb7a))2 (/0 (b(lfl)aﬂf)dt) (/0 (b(lft)a+x)\f'(tb+m(17z)x)|th)

(e )

1—1

+(E’bi”;’;)22 (/()l(b(l—t)a+x)dt) !

IA

1

<( [ 6=+ [ F -1 —) i ] )

- ()(Cb_—n:;); (ail +X>l;'l’(a>m7x)+ (fb_—n:;; (ail +x) liéw(%mﬂ)

This completes the proof.

Corollary 2. In Theorem 3, if we choose (0*,m) = (1,1) and x = a}rb we have

(a+0) (47(42) — f@—1®)  2a-1r(g+ 1) (

a RLJL,f(a) +b RLJL+f(b)> ’
7

4(b—a) (- :
< L a +a+b e (ocmx)Jrl b +a+b 17%(0(amx)
—_— 4 a+1 2 IV 7 ) 4 a+1 2 ) 7
where
1
B a a+b\|,ra+b\|4 a a atb\ s vql’
y(amx) = (a+2+ . )f( =) +(a+1 Tt )\f(a)l

B br(a+1) a+bY\, , b r(a+1) a+b
w(ot,m,x) = |:< T(or+3) + 4 >|f(b)‘q+<06+17 I'a+3) + 4 )

)N
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Theorem 4. Let I be an open real interval such that [0,0) C I and f : I — R twice be a differentiable function on I such that f" € L{ma,mb),
where ma,mb € 1 with0 < a <b <. If|f"| is (&*,m) — convex on [ma, mb) for some fixed oa*,m € [0, 1], then for any 0 < &t and x € (a,b),
the following inequality holds:

‘ 1 {(x(aJrl)er)f(x)fbf(mb)+(b(a+1)+x)f(mx)fxf(a)]
(b—a)? (mb —x) (mx—a)

_ (a+(;)_rt(;)x2+ 1) ((mb _x )[x“rl RLJ;chf(mb) + W RLJ"::X,f(a)) ‘

(x—mb) * 1
- (bfa)2 ((X+a*+2+a*+2>‘f ()]

mx bm /"
+(a+2 a+a*+2+ 2 a*+2)|f (b )l}
A

a- mx){( M +0Me+2) |«  « )|f”(a>|

(b a)? I'o+a*+3) o +1  or+2
bmI'(o* + NI(+2)  mx  mx 00|
a+2 I'o+a*+3) 2 ar+1 a*+2

Proof. Using Lemma 2 via |f”| is (o*,m) — convex function, we have,

‘ 1 {(x(a-i—l)-i—b)f(x)—bf(mb)+(b(a+1)+x)f(mx)—xf(a)]

(b—a)? (mb—x) (mx—a)
O (e I )+ s e f(@) )
< ((’,‘,i’;“fz) /Ol(xt““ +1b)|f" (tx+m(1—1)b)|dt
((?):2;2) /01((1 — )bt (1= 1))l f" (ta+m(1 —1)x)|dt
< (();:’Zfz) /Ol(xf““ +1b) [t“* ()] +m(1— 1)) f”(b)@dz
((2:21;2) /ol (=0 b (1=02) [ |f" (@) |+ m(1 =) () a
(x—mb)

X "
(b—a)? ((x+a*+2+ a*+2)‘f

bm ”
Jr(oc+2 oc+oc*+2+ 2 a*+2)|f()|}

((a mx)|:( I'(o +1)F(a+2)+ x o x >|f"(a)|

b—a)? I'(o+a*+3) o +1  or+42
n bm  bmI(a* + (¢ +2) mx  mx N 00|
a+2  I(a+a +3) 2 or+1 oc*+2

This completes the proof.

Corollary 3. In Theorem 4, if we choose (o*,m) = (1,1) and x = #, we have

((a+3b)(a+ 1)+ (a+3b)) f(“42) —2bf(a) — (a+b)f(a)

(b—a)?
(g po+l
_(ajL(zi)_rs)szrl) ((Zb : ;:Xl«)k)l R f(”)Jrﬁ Rl f(a))‘

= Z(al_b)[(aj—BJrg) <a+b>‘+(a+2 oc—1|—3+6)|f//(b)}

) [(brr(f‘ff)) )@
(59|

b bD(a+2) a+b
a+2 T(at+4) 12
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Theorem 5. Let I be an open real interval such that [0,0) C I and f : I — R twice be a differentiable function on I such that f" € Lima,mb),
where ma,mb € 1 with 0 < a < b < oo. If |f"'|7 is (0*,m) — convex on [ma,mb] for some fixed a* ,m € [0,1], g > 1, then for any 0 < o and
x € (a,b), the following inequality holds:

‘ 1 {(x(a+l)+b)f(x)—bf(mb)+ (b(a-‘rl)—O—x)f(mx)—xf(a)}
(b—a)

(mb —x) (mx—a)
DI (a+1 x "
_(a—i_(b),i()xz_._ )((mb )t RLS G f (mb) + (mx—a)etT RL - )‘
(x—mb) (27" 1xP 20 1pp " (x)|7 " m|f” )
= (b—a)? p(oc+1)+1+ p+1> (a*+1 +omlf (b +1 )
(@a—mx) (27" pP 201y Lf" ()| " m|f"( )|
T —ap (p(05+1)+17L p+1 ) (oc*+l ol == )

1 1 _
where E+5_1'

Proof. Using Lemma 2, Lemma 3, Holder’s inequality and |f”'|? is (*,m) — convex function, we have,

‘ 1 {(x(anLl)er)f(x)fbf(mb)+(b(a+1)+x)f(mx)fxf(a)}
(b—a)?

(mb —x) (mx—a)

_la _I—(;)_Fi(;z_‘_l) ((mb _xx)ourl R f (mb) + (mx—% RLJ,?fff(a)N

(x—mb) [! 1 1
< b—ap (/0 (M x+1b)|f" (tx +m(1 —1)b)|dt

O [0 4 (1= 02 a1 =09
< (();:rzfz) (/0‘ (ZaHHZb)Pd,)’I’( Ol ”(tx+m(1t)b)’th);

_g_((‘;:’:)xz) (/01 ((1 N 1pa(1 ) ) ( fta+m(1—1)x )‘ dt);
<

(’C “lk) / 1 (l+l
2[’ plP +tl7b1’
(b — a)2
1

<( [ [ wem e |‘1]dt)
0

(‘; P ( / 271(( “+1>)bp+(1—z)PxP)dt)”

([ [« @ m -l >|q]dr)‘]’

_ o Gemmb) (20 2PN B (| ()] 1pype — " (0)
- (b-ap? (p(oc+1)+1+ p+1> <a*+1 i or+l >

+(a_mx)( 20-1pp +2P1xf’)l]’(|f”(a)q m|f" (x )\)
(b—a)2 \pla+1)+1 p+1 o*+1 o +1

+mlf" (x)]7—

This completes the proof.
Remark 2. In Theorem 5, if we choose (a*,m) = (1,1), we obtain
1 {(X(OH D +0)f(0) —bf(b)  (bla+1)+x)f(x) —Xf(a)}
(b—a)? (b—x) (x—a)
b

— (Ot i;)_ri()xz+ 1) ((b_jz)aJrl RLJgFf(b) + m RLJ;C{f(a)> ‘

sl ) (e

1

] Gt ) (e )

which is a special case of Theorem 3.13 for s = 1in [6].
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Theorem 6. Let I be an open real interval such that [0,0) C I and f : I — R twice be a differentiable function on I such that f" € Lima,mb),
where ma,mb € 1 with 0 < a < b < oo. If |f""|7 is (0*,m) — convex on [ma, mb] for some fixed a* ,m € [0,1], g > 1, then for any 0 < o and
x € (a,b), the following inequality holds:

‘ 1 {(x(a—‘—l)-i—b)f(x)—bf(mb)+(b(a+l)+x)f(mx)—xf(a)}
(b

(mb —x) (mx—a)
(a +( ;)fi()x;r 1) ( - :;)w RLIE [ (mb) + W RIS f(a)) ’

a+2 2 (b—a)2 \a+2 2
where

(D) oo Rk e
vams = |(

: )i

a+(x*+2+a*+2

1

mx mb B

m.
+((x+27tx+a*+2+ 2 a*+2>|f( ”]

X
[+ a*+3) ot +1 a*+2)‘f( I

o(o,mx) = (bF(a+2)( +1) x
mb  mbD(a+2)C(a*+1) mx  mx :
+(06+2_ T(o+o* +3) Z_a*+1+a*+2>|f()}

Proof. Using Lemma 2, the well known the power mean inequality and | f”|7 is (a*,m) — convex function, we have,

' 1 [(x((x+l)+b)f(x)fbf(mb)+(b((x+1)+x)f(mx)fxf(a)}

(b—a)? (mb —x) (mx—a)
(a +( ;)_ngf 1) ( » _xx)ﬁ T RLIS f(mb) + W RL gy f(a)) ‘

< (();__’Z;)z) /ol(f““ertb)If”(tHM(l—f)b)|df
%/O (1=0)*b+ (1—1)x)| f" (ta+m(1 —1)x)|dt
() ([l
+w(/(;1((1—t)““b+(1—t)X)dt)]_;
x('/()l((l—z)aﬂb-i—(l—l)x) ”(m+m(1—t)x)\th);
) -1

o ( verteroar)
x ./Ol(t““x—l—tb)[t“*|f"( )4+ m(1—1%)|f" (b )ﬂdr)a
+((Z:’Z;2) (/Ol((l z)a+‘b+(1z)x)dz)l‘l’

! :
(=0 0 = [ @11 0

(x—mb) [ x b\ (a—mx) [ b O\
g Gt IR CUENS = s ) B

1

ENE

This completes the proof.
Corollary 4. In Theorem 6, if we choose (o*,m) = (1,1) and x = #, we have

‘ ((a+3b)(a+1) +(a+3b))f(57) — 2bf(a) ~ (a+b)f(a)

(b—a)3
e | 2% (gt b 206+1b o
_(och(b)_i()X; )<(b ( ;:ﬁ)l AL MJ( )+ WRLJ#—JC(G)>’

Q=

_1 1—
(a=b) [ a+b  b\' (a—Db) b a+b
S p—af\zazat2) V@mIt Tl laet (a,m,x)
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where
1
a+b b ,(a—l—b)‘q a+b a+b b\, , B
= — — — b)|?
y(a,m,x) (2a+6+3>f 2 ) 2653 " 2a+6 5@
bC(a+2) a+b\,
= -_— b)|?
olam. [( I
1
b bl(a+2) a+b f,<a+b) ‘q !
o+2 T(o+4) 6 2
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