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Abstract: In this study, some curvature conditions are given for 3-dimensionalf -Kenmotsu manifolds with the semi-symmetric non-
metric connection. It is showed that this manifold is not always ξ -projective flat. Moreover, it is informed that if 3-dimensional f -
Kenmotsu manifold with the semi-symmetric non-metric connection is Ricci semi-symmetric and regular, then the manifold is an
Einstein manifold. Finally, it is proved that 3-dimensional f -Kenmotsu manifold with the semi-symmetric non-metric connection is
also anη-Einstein manifold and the Ricci soliton defined on this manifold is named expanding or shrinking with respect to values of f
andλ constant.
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1 Introduction

In 1983, Sharma and Sinha started to study of the Ricci solitons in contact geometry [15]. Later Mukut Mani Tripathi,

Cornelia Livia Bejan and Mircea Crasmareanu and others extensively studied Ricci solitons in contact metric manifolds

[3], [17]. Kenmotsu studied a class of contact Riemannian manifoldssatisfying some special conditions and this

manifold is known as Kenmotsu manifolds, in 1972 [7].

The manifoldM with (φ ,ξ ,η ,g) structure is said to be normal if[φ ,φ ] + 2dη ⊗ ξ = 0 and also it is said to be almost

cosymplectic ifdη = 0 anddΦ = 0. If it is normal and almost cosymplectic, it is called cosymplectic [18]. Olszak and

Rosca looked intof - Kenmotsu manifolds, explained in section 2, in a geometricaspect and gave some curvature

conditions [11]. Besides this the other mathematicians proved that a Riccisymmetric f -Kenmotsu manifold is an

Einstein manifold. In 2010, authors show that Ricci semi-symmetricα-Kenmotsu manifolds are also Einstein manifolds

[12]. As we are talking aboutf -Kenmotsu manifold, we also mean an almost contact metric manifold which is normal

and locally conformal almost cosymplectic.

In 2012, Nagaraja ve Premalatha studied exclusively about Ricci solitons on Kenmotsu manifolds [10]. Agashe and

Chafle, Liang, Pravonovic and Sengupta, Yıldız and Çetinkaya studied semi-symmetric non-metric connection in

different ways [1], [8], [13], [14] and [18].

The paper is organized as follows: After introduction in section 2, we give some basic notions used in this study. In

section 3, we introducef−Kenmotsu manifolds. In the next section, we studyf−Kenmotsu manifolds with the

semi-symmetric non-metric connection and show that this manifold is not alwaysξ−projective flat. In section 5, we

inform that if 3-dimensional f -Kenmotsu manifold with the semi-symmetric non-metric connection is Ricci

semi-symmetric and regular, then manifold is also called Einstein manifold. In section 6, it is proved thatf -Kenmotsu
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manifold with the semi-symmetric non-metric connection isη-Einstein manifold and Ricci soliton defined on this

manifold is classified with respect to values off andλ constant.

2 Preliminaries

Let M be a 3−dimensional differentiable manifold with an almost contact structure(φ ,ξ ,η ,g) satisfying

η (ξ ) = 1,φξ = 0, η (φX) = 0,

g(X,φY) =−g(φX,Y) , φ2 (X) =−X+η (X)ξ ,
g(X,ξ ) = η (X) , g(φX,φY) = g(X,Y)−η (X)η (Y)

(1)

for any vector fieldsX,Y ∈ χ (M), whereφ is a(1,1) tensor field,ξ is a vector field,η is a 1-form andg is the Riemannian

metric. ThenM is called an almost contact manifold. For an almost contact manifoldM, it follows that [18]

(∇Xφ)Y = ∇XφY−φ (∇XY) ,

(∇Xη)Y = ∇Xη (Y)−η (∇XY) .
(2)

Let R be Riemann curvature tensor,S Ricci curvature tensor,Q Ricci operator and{e1, ...,en} be orthonormal basis of

TP(M). ∀X,Y ∈ χ (M) it follows that [6]

S(X,Y) =
n

∑
i=1

g(R(ei ,X)Y,ei) , (3)

Q(X) =−
n

∑
i=1

R(ei ,X)ei (4)

and

S(X,Y) = g(Q(X),Y). (5)

If the Ricci tensorSof an f -Kenmotsu manifoldM satisfies the condition

S(X,Y) = αg(X,Y)+β η (X)η (Y) (6)

whereα, β are certain scalars, thenM is said to beη Einstein manifold. Ifβ = 0, thenM manifold is Einstein manifold

[5].

In a three dimensional Riemann manifold the curvature tensor R is described as

R(X,Y)Z = S(Y,Z)X−g(X,Z)QY+g(Y,Z)QX−S(X,Z)Y−
τ
2
[g(Y,Z)X−g(X,Z)Y] (7)

whereS is the Ricci tensor,Q is the Ricci operator andτ is the scalar curvature for 3-dimensionalM manifold [18].

On the other hand, let M be ann-dimensional Riemannian manifold with the Riemannian connection ∇. A linear

connectioñ∇ onM is said to be a semi-symmetric connection if its torsion tensor T̃ of the connectioñ∇ satisfies

T̃ (X,Y) = η (Y)X−η (X)Y (8)
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whereη is a non-zero 1-form and̃T 6= 0.

If moreover∇̃g= 0 then the connection is called a semi-symmetric metric connection. If ∇̃g 6= 0 then the connection is

called a semi-symmetric non-metric [19].

For n≥ 1, M is locally projectively flat if and only if the well known projective curvature tensorP vanishes. Projective

curvature tensorP is defined by

P(X,Y)Z = R(X,Y)Z−
1
2n

{S(Y,Z)X−S(X,Z)Y} (9)

for any X,Y,Z ∈ χ (M), whereR is the curvature tensor andS is the Ricci tensor of M [9]. If P(X,Y)ξ = 0 for any

X,Y ∈ χ (M) , M manifold is calledξ−projective flat [18].

According to [2], a Ricci soliton is a natural generalization of an Einsteinmetric and is defined on a Riemannian

manifold(M,g). A Ricci soliton is a triple(g,V,λ ) with g a Riemannian metric,V a vector field, andλ a real scalar such

that

LVg+2S+2λg= 0 (10)

whereS is a Ricci tensor ofM andLV denotes the Lie derivative operator along the vector fieldV. The Ricci soliton is

said to be shrinking, steady, and expanding accordingly asλ is negative, zero, and positive, respectively.

3 f -Kenmotsu manifolds

Let M be a 3-dimensional almost contact manifold.(M,φ ,ξ ,η ,g) is an f -Kenmotsu manifold if the covariant

differentiation ofφ satisfies [18],

(∇Xφ)Y = f (g(φX,Y)ξ −η (Y)φX) (11)

where f ∈C∞ (M,R) such thatd f ∧η = 0. If f = α =constant6= 0, the manifold is said to be anα−Kenmotsu. Iff = 1,

then 1-Kenmotsu manifold is also called Kenmotsu manifold.If f 2 + f
′
6= 0, then f -Kenmotsu manifold is said to be

regular, wheref
′
= ξ f [4]. By using (1) and (2), it can be shown that

(∇Xη)Y = f g(φX,φY) . (12)

From (11), we have [16]

∇Xξ = f (X−η (X)ξ ) . (13)

Also from (6), in a 3−dimensionalf -Kenmotsu manifold we have

R(X,Y)Z = (
τ
2
+2 f 2+2 f

′
)(X∧Y)− (

τ
2

+3f 2+3f
′
){η (X)(ξ ∧Y)Z+η (Y)(X∧ξ )Z} (14)

and

S(X,Y) = (
τ
2
+ f 2+ f

′
)g(X,Y)− (

τ
2
+3 f 2+3 f

′
)η (X)η (Y) . (15)

Thus from (15), we get

S(X,ξ ) =−2
(

f 2+ f ′
)

η (X) (16)
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whereτ is the scalar curvature ofM and f
′
= ξ f [11].

Using (14) and (15), we obtain

R(X,Y)ξ =−
(

f 2+ f ′
)
[η (Y)X−η (X)Y] , (17)

R(ξ ,X)ξ =−
(

f 2+ f ′
)
(η (X)ξ −X) , (18)

QX = (
τ
2
+ f 2+ f

′
)X− (

τ
2
+3 f 2+3 f

′
)η (X)ξ . (19)

It can be easily checked out from (9) by using (17) and (16) that a 3-dimensionalf -Kenmotsu manifold is alwaysξ -

projectively flat [18].

4 f -Kenmotsu Manifolds with the semi-symmetric non-metric connection

Let ∇̃ be a linear connection and∇ be a Riemann connection of anf -Kenmotsu manifoldM. This ∇̃ lineer connection

defined by

∇̃XY = ∇XY+η (Y)X (20)

whereη−1-form and any vector fieldsX,Y ∈ χ (M) , denotes the semi-symmetric non-metric connection [1].

For f−Kenmotsu manifold with the semi-symmetric non-metric connection, using (2), (11) and (20) we have

(∇̃Xφ)Y = f (g(φX,Y)ξ −2η (Y)φX) (21)

for any vector fieldsX, Y ∈ χ (M), whereφ is a (1,1) tensor field,ξ is a vector field,η is a 1-form andf ∈ C∞ (M,R)

such thatd f ∧η = 0. As a consequence ofd f ∧η = 0, we get

d f = f ′ andX ( f ) = f ′η (X) (22)

where f
′
= ξ f [11]. If f = α = constant6= 0, then the manifold is aα-Kenmotsu. If f = 0, then the manifold is

cosymplectic. An f−Kenmotsu manifold with the semi-symmetric non-metric connection is said to be regular if

f 2+ f +2 f ′ 6= 0.

By using (2) and (21), we get

∇̃Xξ = f (2X−η (X)ξ ) . (23)

From (2), (20) and (12), we have

(∇̃Xη)Y = f g(φX,φY) . (24)

The curvature tensor̃R of an f -Kenmotsu manifoldM with respect to the semi-symmetric non-metric connection∇̃ is

defined by

R̃(X,Y)ξ = ∇̃X∇̃Yξ − ∇̃Y∇̃Xξ − ∇̃[X,Y]ξ . (25)

With the help of (20), (23) and (13), we get

∇̃X∇̃Yξ = X ( f )2Y−X ( f )η (Y)ξ +2 f ∇XY− f Xη (Y)ξ −η (Y) f 2X+η (Y)η (X) f 2ξ + f η (Y)X (26)
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and

−∇̃[X,Y]ξ =−2 f ∇XY−2 f η (Y)X+2 f ∇YX+2 f η (X)Y+ f Xη (Y)ξ − fYη (X)ξ . (27)

Using (26) and (27) in (25), we get

R̃(X,Y)ξ = X ( f )2Y−X ( f )η (Y)ξ −Y( f )2X+Y( f )η (X)ξ + f 2η (X)Y− f 2η (Y)X+ f η (X)Y− f η (Y)X. (28)

By using (22) in (28), it follows that

R̃(X,Y)ξ =−
(

f 2+ f +2 f ′
)
(η (Y)X−η (X)Y) . (29)

From (29), we have

R̃(ξ ,Y)ξ =−
(

f 2+ f +2 f ′
)
(η (Y)ξ −Y) , (30)

and

R̃(X,ξ )ξ =−
(

f 2+ f +2 f ′
)
(X−η (X)ξ ) . (31)

Taking the inner product withZ in (29), we have

g(R̃(X,Y)ξ ,Z) =−
(

f 2+ f +2 f ′
)
(η (Y)g(X,Z)−η (X)g(Y,Z)) (32)

which is used in the proof of following lemma.

Lemma 1. Let M be a3-dimensional f -Kenmotsu manifold with the semi-symmetricnon-metric connection,̃S Ricci

curvature tensor and̃Q Ricci operator. Then

S̃(X,ξ ) =−2
(

f 2+ f +2 f ′
)

η (X) , (33)

and

Q̃ξ =−2
(

f 2+ f +2 f ′
)

ξ . (34)

Proof.Contracting withY andZ in (32) and summing overi = 1,2, ...,n, from (3) expression the proof of (33) is completed.

Then also using (5) and (1) in (33), the proof of (34) is completed.

Lemma 2. Let M be a3-dimensional f -Kenmotsu manifold with the semi-symmetricnon-metric connection,τ scalar

curvature tensor,̃S(X,Y) Ricci curvature tensor and̃QX Ricci operator. Then it follows that

S̃(X,Y) = (
τ
2
+ f 2+ f +2 f ′)g(X,Y)− (

τ
2
+3 f 2+3 f +6 f ′)η (X)η (Y) (35)

and

Q̃X = (
τ
2
+ f 2+ f

′
)X− (

τ
2
+3 f 2+3 f

′
)η (Y)ξ . (36)

Proof.Contracting (31) with Y, we get

g(R̃(X,ξ )ξ ,Y) =−
(

f 2+ f +2 f ′
)
(g(X,Y)−η (X)η (Y)) (37)

Using (33), puttingX = ξ , Y = X, Z =Y in (7) and contracting withξ , we obtain

˜̌R(ξ ,X,Y,ξ ) = S̃(X,Y)−2
(

f 2+ f +2 f ′
)

g(Y,X)−
τ
2
(g(X,Y)−η (X)η (Y))

+2
(

f 2+ f +2 f ′
)

η (X)η (Y)+2
(

f 2+ f +2 f ′
)

η (X)η (Y) .
(38)
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With the help of (37) and (38) proof of (35) is completed.

Using(35) and(5), it’s verified that

g
(

Q̃X− [(
τ
2

+ f 2+ f +2f ′)X− (
τ
2

+3f 2+3f +6f ′)η (X)ξ ],Y
)
= 0. (39)

SinceY 6= 0 in (39), the proof of(36) is completed.

Example 1. (a 3-dimensional f -Kenmotsu manifold with the semi-symmetric non-metric connection.) We consider

the 3-dimensional manifoldM =
{
(x,y,z) ∈ R

3
,z 6= 0

}
, where(x,y,z) are the standart coordinates inR3. The vector fields

e1 = z2 ∂
∂x

, e2 = z2 ∂
∂y

, e3 =
∂
∂z

are linearly independent at each point ofM. Let g be the Riemannian metric defined by

g(e1,e3) = g(e2,e3) = g(e1,e2) = 0,

g(e1,e1) = g(e2,e2) = g(e3,e3) = 1.

Let η be the 1-form defined byη (Z) = g(Z,e3) for any Z ∈ χ(M). Let φ be the (1,1) tensor field defined by

φ(e1) =−e2, φ(e2) = e1, φ(e3) = 0.

Then using linearity ofφ andg we have

η (e3) = 1, φ2 (Z) =−Z+η (Z)e3

g(φZ,φW) = g(Z,W)−η (Z)η (W)

for anyZ,W ∈ χ(M). Now, by direct computations we obtain

[e1,e2] = 0, [e2,e3] =−
2
z
e2, [e1,e3] =−

2
z
e1,

By using these above equations we get [18]

∇ei ei =
2
z
e3 and∇ei e3 =−

2
z
ei , i = 1,2

∇e2e1 = ∇e1e2 = ∇e3e1 = ∇e3e2 = ∇e3e3 = 0,
(40)

Now we consider at this example for semi-symmetric non-metric connection. From(20) and(40),

∇̃ei ei =
2
z
e3 and∇̃ei e3 =−

2
z
ei +ei

∇̃ei ej = ∇̃e3ei = 0 and∇̃e3e3 = e3.

(41)

wherei 6= j = 1,2. It’s known that

R̃(X,Y)Z = ∇̃X∇̃YZ− ∇̃Y∇̃XZ− ∇̃[X,Y]Z. (42)
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By using(41) and(42) we obtain

R̃(ei ,e3)e3 = (1−
6
z2 )ei , R̃(ei ,ej )e3 = 0,

R̃(ei ,ej)ej = (
2
z
−

4
z2 )ei , R̃(ei ,e3)ej = 0,

R̃(e3,ei)ei = (
2
z
−

6
z2 )e3.

(43)

wherei 6= j = 1,2.

From(3) and(43), it’s verified that

S̃(ei ,ei) =−
10
z2 +

2
z
+1, i = 1,2. andS̃(e3,e3) =−

12
z2 +

4
z
. (44)

Now from (9), (43) and (44) it’s easily found that

P̃(e1,e2)e3 = 0, P̃(ei ,e3)e3 =−
2
z
ei , i = 1,2.

This leads to the following:

Lemma 3. A 3-dimensional f -Kenmotsu manifold with the semi-symmetric non-metric connection isnot always

ξ−projectively flat.

5 Ricci-semisymmetric 3-dimensional f -Kenmotsu Manifolds with the semi-symmetric

non-metric connection

An f - Kenmotsu manifold with the semi-symmetric non-metric connection is called as Ricci-semisymmetric if

R̃(X,Y) .S̃= 0

holds onM.Then

S̃(R̃(X,Y)U,V)+ S̃(U, R̃(X,Y)V) = 0. (45)

In (45) replacingX andU by ξ , we get

S̃(R̃(ξ ,Y)ξ ,V)+ S̃(ξ , R̃(ξ ,Y)V) = 0. (46)

Then with the help of (30) and (31), it’s clarified that

(
f 2+ f +2 f ′

)
[η (Y) S̃(ξ ,V)− S̃(Y,V)]+

(
f 2+ f +2 f ′

)
[g(Y,V) S̃(ξ ,ξ ) -η (V) S̃(ξ ,Y)] = 0. (47)

By using (33) in (47), we obtain

S̃(Y,V) =−2
(

f 2+ f +2 f ′
)

g(Y,V) . (48)

This leads to the following:

Theorem 1. Let M be a3-dimensonal regular, non-cosymplectic f -Kenmotsu manifold with the semi-symmetric non-

metric connection is Ricci semi-symmetric. Then manifold is an Einstein manifold.
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6 Ricci Solitons in f -Kenmotsu Manifolds with the semi-symmetric non-metric connection

Let M be a 3-dimensionalf -Kenmotsu manifold with the semi-symmetric non-metric connection.andV be pointwise

collinear withξ (i.e.V = bξ , whereb is a function). Then(LVg+2S+2λg)(X,Y) = 0, implies

bg(∇̃Xξ ,Y)+ (Xb)η (Y)+bg(X, ∇̃Yξ )+ (Yb)η (X)+2S̃(X,Y)+2λg(X,Y) = 0. (49)

Using (23) in (49), we get

4b f g(X,Y)−2 f bη (X)η (Y)+ (Xb)η (Y)+ (Yb)η (X)+2S̃(X,Y)+2λg(X,Y) = 0. (50)

With the substitution ofY with ξ in (50), it follows that

(Xb)+ (ξ b)η (X)+2b fη (X)−4
(

f 2+ f +2 f ′
)

η (X)+2λ η (X) = 0. (51)

Again replacingX by ξ in (51) shows that

ξ β = 2
(

f 2+ f +2 f ′
)
−b f −λ . (52)

Putting (52) in (51), we obtain

db=
[
2
(

f 2+ f +2 f ′
)
−b f −λ

]
η . (53)

By applyingd on (53), we get [
2
(

f 2+ f +2 f ′
)
−b f −λ

]
dη = 0. (54)

Sincedη 6= 0 from (54), we have [
2
(

f 2+ f +2 f ′
)
−b f −λ

]
= 0. (55)

By using (53) and (55), we obtain thatb is a constant. Hence from (50) it is verified

S̃(X,Y) =−(2b f +λ )g(X,Y)+b fη (X)η (Y) . (56)

which implies thatM is anη-Einstein manifold. This leads to the following:

Theorem 2. If in a 3-dimensional f -Kenmotsu manifold with the semi-symmetricnon-metric connection, the metric g is a

Ricci soliton and V is a pointwise collinear withξ , then V is a constant multiple ofξ and g is anη-Einstein manifold of

the form (56) and Ricci soliton is expanding or shrinking according asλ = 2
(

f 2+ f +2 f ′
)
−b f is positive or negative.

7 Conclusion

In this study, we gave some curvature conditions for 3-dimensional f -Kenmotsu manifolds with the semi-symmetric non-

metric connection. We also showed that these manifolds are not alwaysξ -projective flat. If 3-dimensionalf -Kenmotsu

manifold with the semi-symmetric non-metric connection isRicci semi-symmetric and regular, then the manifold is an

Einstein manifold. Finally, we proved that 3-dimensionalf -Kenmotsu manifold with the semi-symmetric non-metric

connection is also anη-Einstein manifold and the Ricci soliton defined expanding or shrinking on this manifold is named

with respect to values off andλ constant.
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