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Investigation of solutions of the Pade-II equation by MEFM
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Abstract. In this study, singular soliton, topological, nontopological and rational solutions of the Pade-II equa-
tion, which is a type of nonlinear partial differential equations, are obtained. By selecting the appropriate param-
eters, solutions were obtained which provided the equations. Two and three dimensional graphics of the solutions
were drawn. It appears that the resulting solution functions and graphics have similar features. Hyperbolic and
trigonometric functions were also seen to have the same properties in their graphs since they are periodic functions
at the same time. The obtained solutions were found by using the modified expansion method. All solutions using
this method are controlled by the Mathematica software program which provides the Pade-II equation. Using the
modified expansion function method, the nonlinear partial differential equation with travelling wave transformation
takes the form of nonlinear ordinary differential equation. According to the balancing principle, there are also the
degree of the solution function containing the exponential function.
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1. Introduction

There are various methods in the literature to obtain solutions of nonlinear partial differential equations. Some of
these, respectively the sine-Gordon expansion method [3], [6], [7], the trial equation method [10], [12], the extended
trial equation method [13], [14], the new function methods [1], [2], [5], [9] and so on. In this study, we apply the
modified expansion function method (MEFM) [4], [8], [15], [16] to solve a nonlinear Pade-II equation.
The Pade-II equation can be defined as follow [11],

ut + ux + uux −
9
10

uxxx −
19
10

uxxt = 0.
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2. Modified Expansion FunctionMethod

We consider the following nonlinear partial differential equation;

P(ux, uux, ut, uxxx, uxxt) = 0. (2.1)

where u(x, t) is unknown function.
The following travelling wave transformation:

u(x, t) = U(ξ), ξ = x − ct. (2.2)

where c is constant.
Substituting Eq. (2.2) into Eq. (2.1), gives the following nonlinear ordinary differential equation;

N(U,U2,U′′) = 0. (2.3)

According to the MEFM, the desired solution is as follows:

U(ξ) =

∑m
i=0 Ai[e−ϑ(ξ)]i∑n
j=0 B j[e−ϑ(ξ)] j =

A0 + A1e−ϑ + ... + Ame−mϑ

B0 + B1e−ϑ + ... + Bne−nϑ . (2.4)

where Ai,B j, (0 ≤ i ≤ m, 0 ≤ j ≤ n).
Using the homogeneous balance principle, the m and n positive integer values are obtained.

υ′(ξ) = e−ϑ(ξ) + µeϑ(ξ) + λ. (2.5)

Eq.(2.5) has the following families of solutions [11]:
Family 1: When µ , 0, λ2 − 4µ > 0,

ϑ(ξ) = ln

−√
λ2 − 4µ
2µ

tanh

 √
λ2 − 4µ

2
(ξ + E)

 − λ

2µ

 .
Family 2: When, µ , 0, λ2 − 4µ < 0,

ϑ(ξ) = ln

 √
−λ2 + 4µ

2µ
tan

 √
−λ2 + 4µ

2
(ξ + E)

 − λ

2µ

 .
Family 3: When, µ = 0, λ , 0, λ2 − 4µ > 0,

ϑ(ξ) = − ln
(

λ

eλ(ξ+E) − 1

)
.

Family 4: When, µ , 0, λ , 0, λ2 − 4µ = 0,

ϑ(ξ) = ln
(
−

2λ (ξ + E) + 4
λ2 (ξ + E)

)
.

Family 5: When, µ = 0, λ = 0, λ2 − 4µ = 0,

ln (ξ + E) .

Substituting Eq. (2.4) and its derivatives into Eq. (2.3), we get algebraic equation system. This system was solved by
using the Mathematica software program and then the solutions of the Pade-II equation were obtained.
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3. Application

Consider the following travelling wave transformation:

u(x, t) = U(ξ), ξ = x − ct.

The following nonlinear ordinary differential equation is get,

5U2 + 10(−c + 1) + (−9 + 19c)U′′ = 0. (3.1)

If the balancing procedure is applied to equation (3.1),

m = n + 2.

Choosing n = 1 we get m = 3,the Eq. (2.4) is obtained for m and n values as follows;

U(ξ) =
A0 + A1e−ϑ + A2e−2ϑ + A3e−2ϑ

B0 + B1e−ϑ
(3.2)

When the derivative expressions in equation (3.1) are obtained from (3.2) equation and written instead, the system of
algebraic equations get. The equation system found is solved with Mathematica software program and the necessary
coefficients in equation (3.1) are obtained. Substituting these coefficients into Eq. (3.2), the following solutions:

A0 =

√
cλB0√
λ2 − 4µ

, A1 =

√
c (2B0 + λB1)√
λ2 − 4µ

, A2 =
2
√

cB1√
λ2 − 4µ

, k =

√
2

−d
(
λ2 − 4µ

)
Substituting these coefficients into Eq. (3.5), we have the following solutions:
Family 1: When, k , 0, λ2 − 4k > 0,

u1(x, t) =

(
− 20

(
λ2 − 4µ

)
sec h[ψ]2( − 4µ + (λ2 − 2µ) cosh[2ψ] + λ

√
λ2 − 4µ sinh[2ψ]

))((
10 + 19λ2 − 76µ

)(
λ +
√
λ2 − 4 tanh[ψ]

)2
) (3.3)

where ψ = 1
2

√
λ2 − 4µ(EE + ξ).

Figure 1. The 3D, density graphic and the 2D surface of Eq. (3.3) in λ = 3, µ = 0.25, c = −4, B0 =

0.55, E = 0.5 and t = 1

Family 2: When, k , 0, λ2 − 4k < 0,

u2(x, t) =

(
20

(
λ2 − 4µ

)
sec[υ]2(4µ(λ2 − 2µ) cos[2υ] + λ

√
−λ2 + 4µ sin[2υ]

))((
10 + 19λ2 − 76µ

)(
λ +
√
−λ2 + 4 tan[υ]

)2
) (3.4)

where υ = 1
2

√
−λ2 + 4µ(EE + ξ).
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Figure 2. The 3D, density graphic and the 2D surface of Eq. (3.4) in λ = 3, µ = 0.25, c = −4, B0 =

0.55, E = 0.5 and t = 1

Family 3: When, k = 0, λ , 0, λ2 − 4k > 0

u3(x, t) = −
10

(
2λ2 + 4µ + 3λ2 csc h

[
1
2λ(EE + ξ)

]2)
10 + 19λ2 − 76µ

(3.5)

Figure 3. The 3D, density graphic and the 2D surface of Eq. (3.5) in λ = 3, µ = 0.25, c = −4, B0 =

0.55, E = 0.5 and t = 1

Family 4: When, k , 0, λ , 0, λ2 − 4k = 0

u4(x, t) =

10
(
− 4µ + λ2

[
1 − 12(

2+λ(EE+ξ)
)2

])
10 + 19λ2 − 76µ

Figure 4. The 3D, density graphic and the 2D surface of Eq. (3.5) in λ = 3, µ = 0.25, c = −4, B0 =

0.55, E = 0.5 and t = 1
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Family 5: When, k =, λ = 0, λ2 − 4k = 0

u5(x, t) = −

20
(
6 + 6λ(EE + ξ) + (λ2 + 2µ)(EE + ξ

)
(10 + 19λ2 − 76µ)(EE + ξ)2

Figure 5. The 3D, density graphic and the 2D surface of Eq. (3.8) in λ = 3, µ = 0.25, c = −4, B0 =

0.55, E = 0.5 and t = 1

4. Conclusion

In this article, we get some travelling wave solutions of Pade-II equation by using modified expansion function
method. The results show that the modified expansion function method is suitable mathematical method for solving
nonlinear partial differential equations. The resulting solutions were checked with the Mathematica software.
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