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ABSTRACT 

On the stability of second order neutral delay differential equation; 
In this paper, a basic theorem on the behavior of solutions of linear 
second order neutral delay differential equation is established. As 
a consequence of this theorem, a stability criterion is obtained. 

Keywords: "Neutral delay" differential equation, Characteristic 
equation, Stability, Trivial solution. 

ÖZET 

İkinci mertebeden neutral delay diferansiyel denklemlerin 
kararlılığı: Bu makalede sabit katsayılı doğrusal ikinci mertebeden 
neutral delay diferansiyel denklemlerin davranışları üzerinde temel 
bir teorem verilmiştir. Bu teoremin sonuçlarından yararlanarak 
kararlılık kriterleri elde edilmiştir. 

Anahtar Kelimeler: "Neutral delay" differansiyel denklemi, 
karakteristik denklem, kararlılık, aşikar çözüm 
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1. INTRODUCTION 

Let us consider initial value problem for second order delay 
differential equation 

y"(t)+cy"(t-r) = ply'(t)+p2y'(t-r)+qly(t)+q2y(t-r), t > 0 , (1) 

y(t) = t(t) , -r < t < 0, (2) 

where c, p, p2, q , q2 are real numbers, r is positive real 
number and $(t) is a given continuously differentiable initial 
function on the interval [-r,0]. 

In many fields of the contemporary science and technology 
systems with delaying links are often met and the dynamical 
processes in these are described by systems of delay differential 
equations [1,4,5]. The delay appears in complicated systems with 
logical and computing devices, where certain time for information 
processing is needed. The theory of linear delay differential 
equations has been developed in the fundamental monographs [1], 
[4-6], [8]. 

The equation of form of (1) is of interest in biology in 
explaining self-balancing of the human body and in robotics in 
consructing biped robots (see [10], [12]). These are illustrations of 
inverted pendulum problems. A typical example is the balancing of 
a stick (see [13]). Equation of form of (1) can be used as test of 
equations for numerical methods (see [7], [14]). 

In [3], it has been established the boundedness under the 
conditions b > 0, k > 0, p >—k and | q | +r | p \< b, on [0, <x>) of 
the solution of the second order equation 

y"(t) + by'(t) + qy'(t - r) + ky(t) + py(t - r) = 0, for t > 0, 

where r > 0, together with a given continuously 
differentiable initial function 

y(t) =m on [—r,0]. 

This equation Lyapunov function with the help of the 
stability criteria were obtained. 
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Recently, Cahlon and Schmidt et al. [2] have established the 
stability criteria for a second order delay differential equation of 
form (1) with p p > 0 and q q < 0. This equation is obtained the 
stability of second order delay differential equation using 
Pontryagin's theory for quasi-polynomials. However, we study the 
stability of the some problem using the method of characteristic 
roots. 

This paper deals with the stability of the trivial solution for a 
second order linear neutral delay differential equation with constant 
delay. An estimate of the solutions is established. The sufficient 
conditions for the stability, the asymptotic stability and instability 
of the trivial solution are given. Our results are derived by the use 
of real roots (with an appropriate property) of the corresponding 
(in a sense) characteristic equations. The techniques applied in 
obtaining our results are originated in a combination of the methods 
used in [9] and [11]. 

As usual, a twice continuously differentiable real-valued 
function y defined on the interval [-r,») is said to be a solution 
of the initial value problem (1) and (2) if y satisfies (1) for all 
t > 0 and (2) for all -r < t < 0. 

It is known that (see, for example, [4]), for any given initial 
function < , there exists a unique solution of the initial problem (1)-
(2) or, more briefly, the solution of (1)-(2). 

Before closing this section, we will give two well-known 
definitions (see, for example, [5]). The trivial solution of (1) is said 
to be "stable" (at 0) if for every s > 0, there exists a number 
i = i(s) > 0 such that, for any initial fuction < with 

M = max<(t)| < i , 

II II - r < t < 0 1 

the solution y of (1)-(2) satisfies 

| y(t) |< s , for all t e [-r,»). 
Otherwise, the trivial solution of (1) is said to be "unstable" 

(at 0). Moreover, the trivial solution of (1) is called "asymptotically 
stable" (at 0) if it is stable in the above sense and in addition there 

111 



Ali Fuat YENİÇERİOĞLU, Barış DEMİR 

exists a number > 0 such that, for any initial function ^ with 

< , the solution y of (1)-(2) satisfies 

lim y(t) = 0. 

t ^ w 

2. STATEMENT OF THE MAİN RESULTS AND 

COMMENTS 
If we look for a solution of (1) of the form y(t) = eX for 

t e IR, we see that X is a root of the first characteristic equation 

A2 (l + c) = p A + p 2 Ae A + qx + q2e 
-AT 

(3) 

Let now y be the solution of (1)-(2). Define 

x(t) = e'Aoty(t) , for t e [ - r , œ), 

where A0 is a real root of the characteristic equation (3). Then, for 
every t > 0, we have 

x " (t) + 2A0 x ' (t ) + A x(t ) + ce _ v (x " (t - r) + 2A0 x ' (t - r) + A2 x(t - r)) 

= px'(t) + PA A x(t) + p2e~Ar x'(t - r) + p2 A0 x(t - r) + qxx(t) + q1e'Arx(t - r) 

or 

[x '(t) + ce A x '(t -r) + (2A - P )x ( t ) + e _ v (2cA - P2 )x(t - r)] ' 

= (PiA + qi - A)x(t) + (P2A0 + q2 - cA^)e-AoTx(t - r). (4) 

Moreover, the initial condition (2) can be equivalently written 

- N-AOT x(t) = e ^ ( t ) , f o r t e [ - T , 0 ] (5) 

Furthermore, by using the fact that A0 is a root of (3) and 
taking into account (5), we can verify that (4) is equivalent to 

x'(t) + ceAx'(t-r) + (2Aa -p)x(t) + eA(2cA -p2)x(t-r) 

= (pyA0 + q - Al)jx(s)ds + (p2A0 + q2 -cAl)e AtJx(s - T)ds 
0 0 
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+ x '(0) + ce~A rx'(-r) + (2A - p )x (0 ) + e ^ (2c A - p 2 ) x ( - r ) A,T < 

x'(t) + ce_vx'(t - r) = ( p - 2A )x(t) + e~AT (p2 - 2cA )x(t - r) 

+ ( p A + q - A ) J x ( s ) d s + ( p 2 A + q - c A l ) e A J x ( s ) d s 
0 -r 

+ 0(0)- A0(0) + c(0(-r)-A^(-r)) + (2A - p x W ) + (2cA -p20(-r), 

x '(t) + c e A x ' ( t - r) = ( p - 2A )x(t) + e~Ar (p2 - 2cA )x(t - r) 

t t-r 

+ ( p A + q - A2)J x(s)ds + (p2 A + q2 - cA ) e A J x(s)ds + L(A; 0) 

x '(t) + c e _ v x ' (t - r) = ( p - 2A )x(t) + e_A°r (p2 - 2c A)x(t - r) A 0 r I 

t t~l 

( p A + q -cA)e~AtJx(s)ds + (p2A + q2 - c A ) e A Jx(s)ds + L(A 

x '(t) + ce_vx' (t - r) = ( p - 2A )x(t) + e _ v (p2 - 2c A)x(t - r) 

+ (cA - p A - q ) e v J x ( s ) d s + L(A;0): (6) 

where 

L(AJ) = 0(0) -A0)+c(0'(-T)-AFI(-R))+(2A - pi)^(0) + ( H - p 2 M T 

+ (pA + q - cA)e A Je As0(s)ds . (7) 

Let 

AA - ( P A + q - cA;2 )r e A + 2A0 - p + ( 2 c A - p ) e A * 0 
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and we define 

z(t ) = x(t ) - ^ ^ for t >-7. 

Then we can see that (6) reduces to the following equivalent 
equation 

z'(t) + ce-Az'(t - r) = ( p - 2A )z(t) + (p2 - 2cA )z(t - r) 

+ (cAl -p2A - q2)eA jz(s)ds . (8) 

If we look for a solution of (8) of the form z(t) = eSt for 
t e IR, we see that S is a root of the second characteristic equation 

+ ce-T(A+S))= p - 2 A + ( p - 2 c A ) e 

+ fi~1(1 - e - * )(cA2 - P2A - q 2 ) e A . ' 

-T(A +S) 

(9) 

On the other hand, the initial condition (5) can be 
equivalently written 

z (t ) = # t )e A - L ( A t ) 
P A , 

t G [ - 7 , 0 ] . (10) 

Let F (S) denote the characteristic function of (9), i.e., 

F(S) = S(l + ce- t (A+S))- p + 2A + (2cA - p )e" ( A + S ) 

+ S~\e-ST-1)(cA0 - p 2 A - q 2 ) e A 

Since S = 0 is a removable singularity of F(S), we can 
regard F (S) as a entire function with 

F(0) = 2A - Pi + (2cA - p ) e A - (cA - P2A - q ^ e ^ - P 
A 

But, by the definition of P ^ ^ 0, a root of the characteristic 

equation (9) must become S 0 ^ 0. 

t-7 
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Let now z be the solution of (8)-(10) and S0 be a real root of 
the characteristic equation (9). Define for S0 ^ 0 

v(t) = e-do'z(t) , for all t e [ - r , œ). 

Then, for every t > 0, we have 

V(t)+ce-r(^v\t-r) = (p, -2A0 -S0)v(t)+p -2cA0 - c S 0 ) e « ^ ( t - r ) 

+ (cA2 - p 2 A - q2 )e~Ar J e~S0sv(t - s)ds . (11) 

Moreover, the initial condition (10) can be equivalently 
written 

v(t) = ¿(t)e~(A+"o)t -e"5 0 ' , for t e [ - r ,0] . (12) 

Furthermore, by using the fact that S0^ 0 is a real root of (9) 
and taking into account (12), we can verify that (11) is equivalent 
to 

v(t ) + ce +Sil) v(t -r) = 
t t 

(p j -2A0 -S 0 ) Jv(s )ds + (p 2 -2cA0 -cS0)e_(Al+^0)r J v ( s - r ) d s 

+ ( c ^ 0 - P2^0- q 2 ) e 

r f t 
J e~s°s < J v(u - s)du ds + v(0) + ce "r(A+s0) v ( - r ) 

v(t ) + ce ~r(A+s0) v(t -r) = 

(P| - 2 A -S0 )J v(s)ds + (p2 - 2cA - cS0 )e+s°)r Jv(s)ds 

t 

t - r 

0 0 

0 0 

t - r 

0 r 
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+ (ctf - p2Â0 - q2)e - Â g T u0 
' t - s 

J e J J v ( u ) d u ds + v(0) + ce ~T(Xo+öo) v(-r) 

v(t) + c e + S o ) v ( t -T) = ( p -2A0 -S0) Jv(s)ds 

+ ( P 2 - 2 c A o - c S o ) e 

+ (c^o- PıK - q2)e 

T 

s ds + v(o) + ce ~TAo+So) v(-T) 

v(t) + ce+So)v(t -T) = (p - A - S o ) 
t t-T 

J v(s)ds + (p - 2c\ - cö0)e-(Âo+So)T J v(s)ds 

+ (cA2 - P A -q2)e-ÂoTJ 
T 

o AT T E S 

o 
ds+R(A ,S0 

t 

v(t) + ce-T(Âo+So)v(t-T) = (cS0 + 2cA -p2)e- (Âo+So)TJv(s)ds 

T t 

+ (p2A + q2 -cAyX o TJe~S o sdsJv(s)ds + (p2 - 2c^ -cS0)e~Ao+So)T J v ( s ) d s 
o o o 

+ (cA2 - p 2 A -q)e_A>TJe^SosJ Jv(u)dulds + R(A0,S0;#), 
o ı o 
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v(t) + c e + V o ) v ( t - T ) = (cV0 + 2cA0 -p2)e <L>+S0)T 
t 

| v(s)ds 

T I t 
0' + ( P 2 l + -c%)e~lTJevj Jv (u )du lds + R(A0,V0;#), (13) 

where 

= m + cfi(-T) - (1 + ce-AoT) 
Pi, 

+ (P2 -2cio -V)e-(Ao+So)Tj 
0 ( 

(io+SO)t ie~sos 
\ 

P 
ds 

1 J 

+ (cio -P2I -q2)e-AoTje s"s j Je~v°" 
T I o ( 

IT f Vs 1 f Vu 

o I - s 

e - ^ ( u ) - L ( l 

P 
du [ds (14) 

1 J 

Next, we define 

w(t) = v(t) - R(loVoJ) for t >-T, (15) 

where 

Tiiv* -1 + e (i°+Vo)T+ (P2 -2cio -cVo)e^+VO)TT . -(IO + VO)T„ 
HOVO 

+ V-(1 - e v -VoTe-VoT)(cA2 -Plo - q 2 . (16) 

Then we can see that (13) reduces to the following equivalent 
equation 

w(t) + ce ~t(Z°+Vo) w(t-T) = (cV+ 2cL - P2 )e ~(L + Vo)T 

t 

J w(s)ds 

T t 

+ (Pi l+ q2 - cl2)e'AoTj e v I J w(u)du\ds, t > o. (17) 
o I t - s 

T - T 

o t-s 

- T 

t -T 
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On the other hand, the initial condition (12) can be 
equivalently written 

w(0 = ¿(t)eS t - L(ÀoJ) e S -
P, A VA,So 

, f o r t e [ - 7 , 0 ] . ( 1 8 ) 

We have the following basic theorem. 

Theorem 1. Let A and 0 0) be real roots of the 
characteristic equations (3) and (9). Assume that the roots A and 

0 have the following property 

= (i c | + | c S ) + 2 c A ) - p 2 \ T ) e - ( A o + S o ) T 

+ So-2 (l - e - S o 7 - S )7e - S o 7 ) | p— + q2 - c , | e " - 0 7 < 1 (19) 

and 

P , - ( p 2 , + q 2 - c A 2 ) 7 e - A ° 7 + 2 A ) - p i + ( 2 c A ) - p 2 ) e - A ) 7 * 0 . 
A7 

'AO-\F2 

Then, for any ¿e C([-r,0], IR), the solution y of (1)-(2) 
satisfies 

- ( A + S o ) t y ^ _ L A o ' J ) „ - S o t R ( A o , S o ^ ) 

P 
-e o --

A V A ,so 

< M (Ao,So;^)^ A 

for all t > 0, (20) where L(A;4>), R ( A a n d ]A)So were 
given in (7), (14) and (16), respectively and 

M (A ,S0 = max 
-7<t<o 

- ( - o + S o ) t ^ ( t ) -
 L A o ; $ ) e-Sot - R(Ao,So;4>) 

P A V A ,So 

. (21) 

Proof. It easy to see that property (19) guarantees that 
]]a>s0 > 0. Applying the definitions of x, z, v and w we can 
obtain that (20) is equivalent to 

I w ( t ) | < M ( A A ; ^ a a , V t > 0 . ( 2 2 ) 

So, we will prove (22). 

e 

e 
o 
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From (18) and (21) it follows that 

| w(t) \<M(A,S0, for. t e [-r,0] (23) 

We will show that M(A ,S0 ;0) is a bound of w on the 
whole interval [ - r , œ). Namely 

| w(t) \< M(A ,S0 , for all t e [-r, œ). (24) 

To this end, let us consider an arbitrary number s > o. We 
claim that 

\ w(t )|< M(A ,Ô0 ;0) + £ , for every t e[-r, œ). (25) 

Otherwise, by (23), there exists a t* > o such that 
| w(t)\< M(l ;$) + £, for t < t * and | w(t * ) | = M ( A ,V0 ';$) + £ . 
Then using (17), we obtain 

M (\,So-J)+s=\w(t *)l<\c\e-r^So)\w(f -r)\ 

+ \ c8o + 2cXo - p2\e - ( A + S 0 ) i J \ w(s) \ ds 

+ \ p 2 A + q2 - cAA \ e Ao J e S°s <j J \ w(u) \ du \ds 

<{dc\ + \cSo + 2cA° -P2 \ r)e~(A°+So)r 

+ â°-2 (l - e"^-S0re-5or)\pA + q2 - c^\ e A $M(AoSoJ) + e] 

< M (AoSo-J) + e] 

which, in view of (19), leads to a contradiction. So, our claim is 
true. Since (25) holds for every s > o , it follows that (24) is always 
satisfied. By using (24) and (17), we derive 

\ w(t)\<\c \ e 
-R(Ao + So) w(t - r)+ \ cS0 + 2cA - P2 \ e -(A) + so)R 

t 

J \ w(s) \ ds 

T 

t -s o 

t-R 
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+ I p2 A + q2 - cAl I e~At J e 5 j J | w(u) | du Ids 

0 u - s J 

<{(lcI + Ic50 + 2cA - Pilr)e-(A+50)z 

+ S-2(l -e-507-S0re-50T)I p 2 A + q2 - c A I e ^ K A A ; ^ ) 
= M ( A 0 A ; ^ K A

, 

for all t > 0. That means (22) holds. 

Theorem 2. Let A and 50 ( 5 ^ 0) be real roots of the 
characteristic equations (3) and (9). Consider P^ as in Theorem 1. 
Then, for any (/> e C1 ( [ -7 ,0] , IR), the solution y of (1)-(2) satisfies 

lim\e A+50)ty(t)- L ( A 0 ; ^ ) e 5 J = , 
' PA0 J ]A0,S0 

where L(A , R(A , 5 and ] 5 were given in (7), 
(14) and (16), respectively. 

Proof. By the definitions of x, z , v and w, we have to 
prove that 

lim w(t) = 0. (26) 
t 

In the end of the proof we will establish (26). By using (17) 
and taking into account (22) and (24), one can show, by an easy 
induction, that w satisfies 

I w(t) I < ( ^ 0 J " M ( A A ^ ) , for all t > nz-z , (n = 0 , 1 , . . . ) . (27) 

But, (19) guarantees that 0 < ^ 5 < 1. Thus, from (27) it 
follows immediately that w tends to zero as t ^ w , i.e. (26) holds. 

The proof of the Theorem 2 is completed. 

Theorem 3. Let A and 50 ( 5 ^ 0) be real roots of the 
characteristic equations (3) and (9) and also the conditions in 

T 
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Theorem 1 p and s0 be provided. Then, for any 

j e C1 ( [ -T,O] , IR), the solution y of (1)-(2) satisfies for all t > o 

k3 
\y(t ) \ < N (loVo<)e 

\ Pi 1 

lot 

+ 
h l a ,va 

V\i,vo 

+ 
^k o e o h o c 

2 | 1 v o | l o . v o 

V \ pio\ VloVo J 
UloVo N(AoVo<)e(l°+Vo)t, (28) 

where 

A w a s g i v e n i n ( 1 6 ) 

ki= 1+ \ lo\ + \ c \ (1+ \ lo\) + \2lo - Pi\ + \2clo - P2\ e-loT, 

+ \ P2I + q2 - cio\ e T (29) 

Kvo = 1+|c|+7k^]
 (1+\c\e-lT) \ \ 

1 -VfT - ( l + V )T + V - 1 ( e o -1)\P2 - 2cl0- cV0\e o o V 
1 + o -

\Pi I 

+ V0
2 (VoT + e-VoT -1) | ci - P2I - q2\ e 

} 
^ k t ^ 

1 
V P J J 

ex = max' 
VO -T<T<O ' 

(30) 

(31) 

and 

N ( l ; j ) = max)max e lot max 
-T<t <ol 

+Vo)tj(tmax |j'(t % max I'<(t)} 

(32) 
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Moreover, the trivial solution of (1) is stable if A0< 0 , 
A+ö0< 0, it is asymptotically stable if A < 0 , A + ̂ o < 0 and 
it is unstable if S0 > 0 , A + ̂ o > 0 . 

Proof. By Theorem 1, (20) is satisfied, where L ( A ¿ ) and 
M (A ¿ ) are defined by (7) and (21), respectively. From (20) it 
follows that 

-(Ac J L ( A 0 ^ ) I „-<V , \R(A0,S0;M 1y(t)| < 
I P J 

i e ^ + M ( A A ^ K , * . (33) 

Furthermore, by using (29), (30), (31) and (32), from (7), (14) 
and (21), we obtain 

|L(A,;^) I <W'(0)| + I A ¡ \ | ¿ ( 0 ) | 
+ 1 c | (| ¿' ( - T ) | + 1 A 11 ¿ ( - T ) | ) + 1 2 A - P I 11 ¿ ( 0 ) | 

0 
+ | 2 c A - P211 ¿ ( - T ) | + | P 2 A ) + Q - 1 FE-^0^ | ¿ ( 5 ) | ds 

-T 

< (1+1A01 + | c | ( l+Ad) +| 2A - Pi | + | 2cA - P2 | e A 

+ | P 2 A + q2 -cA | e ^ t t N ( A A ¿ ) 

= kA N(AA^), 

| R ( A A ^ ) |<| ¿(0) | +1C11 ¿(-T) | + ^ ^ (1+1 c | e ^ ) 
| "A, | 

+ | P2 -2cAo - cS, | e + * c ) T f e~s°sf e s | ¿(s) | + 
J | " A | 

ds 
0 1 j 

+ |cA - P2A - 02 | e " V J e s a e-5oH 
0 ( 

e A | ¿(w) | + 
| " A | 

A 
du >ds 

Ac I J 

e 

T 

T 

0 s 
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1+1 c \ (1+1 c \ e-loT)+ V-\e-VoT -1) | P2 -2cl0 -cV0 \ e \ \ 
( i +Vo)T 

k 1 ^ 
1 + l 

+ Vo-2 VV0T + e v -1) | ci - P2I - q2\ e -lT 1+ 
k 

\Po\j 

V \ M j 

N loVo') 

= H I O V N ( l o V o j < , 

M(lV;j) < maxe-i\ j(t) |}+ maxfe^}+ \R(loVo< 
\P^\ -T<'<o Vl 

-T<t<o 
i^oA 

k i e o h 1 o 
A) vo . lo,Vo 

<j1 + + ̂  \N (lo,Vo<) 
\ Plo \ Vlo,Vo 

Hence, from (33), we conclude that for all t > o, 

k h e-IA+vo»|y(0| N^AMe-* N(lV<) 

+ 
k̂ 1 e <p h 1 c* lo vo lo,vo 

V \ Plo \ VloVo J 

(34) 

and consequently, (28) holds. 

Now, let us assume that l0< o and h+V0 < o. Define 

|'j| - maxxjjt )|. It follows that || j ||< N(l ,V0 <). From (34), it 

follows that 

|y(t)| <• 
k lo 

\Pl\ 
+ Y k l o evo 

v 
A + ( 1 + VAOA ) 

h 

lo 1 J V\oAo 

N ( l o V , ! ) 

< 

123 



Ali Fuat YENİÇERİOĞLU, Barış DEMİR 

k 1 
for every t - 0 . Since — — > 1, by taking into account the 

I PI 

fact that 

\y(t )| < 

\ A J 
•+ Y e &o 

v \ A o O 
^A0 + ( l + ) h o & > 1 , we have 

k 
Ai • + 2 eSo 

\ A J 

V A , 

+ ( 1 ) ( A A A ) , 
^Ao,so 

Ko I y VA 

for all t e [ - r , œ), which means that the trivial solution of (1) is 
stable (at 0). 

Next, if A0< 0 and A0+00< 0, then (28) guarantees that 

lim y(t ) = 0 and so the trivial solution of (1) is asymptotically 
t ^œ 

stable (at 0). 

Finally, if £0 > 0 , \+â0> 0, then the trivial solution of 
(1) is unstable (at 0). Otherwise, there exists a number t = t(1) > 0 
such that, for any <f> eC1 ([-r,0],IR) with | | < t , the solution y 
of problem (1)-(2) satisfies 

\ y ( t ) \ < 1 for all t >-r. (35) 

Define 

A (t ) = e(A+&0} t - e A for t G . 

Furthermore, by the definition of 
by using (9), we have 

¿(A, A ) a n d R(Ao,do'J) 

¿(AA) = ¿0 + c$oeAK+&0y+ (2cAo -p2){e-A+&0)r -e~Ar) 

( o A 

+ (p2 A + q2 - cAA )eJeSoSds - r 

= p -2Ao -(2cA, - p 2 ) e - A r - ( p 2 A + q2 -c%)e~A,Tr 

A 0 

& 

& 
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— P A , , 

R(A A ) = 1 + ce-(Ao+So)r+ (p2 - 2c A- cS )e-(Ao+So)TJ e S (eA (e(Ao+So)s - eAoS )+l)ds 

r I o 
+ (cA2 - p2 A- q ) t v J e S i J e-SoU (e A (e(Ao+So)u - A - e ^ )+ )+ 1)du \ds 

= i + e < A + p -2cA -cS0)e-(Ao+So)rr 

+ < S2(l - e S - S r e - S o r X c A -p2Ao -q2> - A r 

-Vl0v0 > o . 

Le t j e C 1 ( [ - T , o ] , I R ) b e de f ined b y 

/ j = ±L- j , 
« UA« 

where is a number with o < ^ < I . Moreover, let y be the 
solution of (1)-(2). From Theorem 2 it follows that y satisfies 

l im i e+ S o ) t y ( t ) -
i ^ œ | p 

L ( A o ' A ) „-So e o > = lim i e -(A +So) t y(t) + 
i e-So * 

A \\ Ao \\ 

R(Ao,SoA) 

^ A o , S o 

(ii/\\Aa\\)R(AAA)_ 11 

^ . S O \\ Ao\\ 

> o. 

But, we have \\ A\\ = A < i and hence from (35) and 
conditions S0 > o , A+S> o it follows that 

lim i e 
t ^œ 

-(Ao + So) t y ( t ) - L ( A A )
 e S t ^ = q 
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This is a contradiction. The proof of Theorem 3 is completed. 

3. EXAMPLES 

Example 1. Consider 

y (t ) - 6 y i t - 2 H y * ) + 2 > ( t - 2 * ) + 3 41 - 2 ' 
, t > o, (36) 

y(t)=A(t), - 1 < t < o, 

where $(t) is an arbitrary continuously differentiable initial 

function on the interval [ - 1 ,0 ] . In this example we apply the 

characteristic equations (3) and (9). That is, the characteristic 
equation (3) is 

. 2 L i ^ o , i , - A v e - 1 3 i - A AI 1 — l = -3A + - A e 2 + + - e 2 . 
I 6 J 2 6 3 

(37) 

and we see that A = -1 is a root of (37). Then, for \ = - 1 the 
characteristic equation (9) is 

& ̂ 1 1 — e 2 

6 
1 -1(&-1) 

J 

= - 1 + - e 2 

6 

Therefore, ^ 1 is a root, and the conditions of 
Theorem 3 are satisfied. That is, 

e yfe 
=-< 1 a n d P^=P-1 = 1 0 . 

Since A0 = - 1 <0 and \+S0=-2 <0, the zero solution of 
(36) is asymptotically stable. 
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Example 2. Consider 

y ' ( t ) + ^ y'(t -1) = - 1 y'(t ) y ' ( t - 1 ) - 1 y ( t )+ 1 y(t -1), 2e e 2e e e 

t > 0, 

y(t) = $(t),-1 < t < 0, 

(38) 

where $(t) is an arbitrary continuously differentiable initial 

function on [ - 1 , 0 ] . The characteristic equation (3) is 

A (l + — 1 = - 1 A - — Ae~A-1 + 1 e~A, (39) 
^ 2e) e 2e e e 

and we see easily that A = 0 is a root of (39). Taking A0= 0, the 
characteristic equation (9) is 

1 1 S\ 1 + _L e - ' | = - 1 - - 1 e-5 - I f e-Ssds 
I 2e I e 2e e{ 

Therefore, we find that S = S0=-1 is a root. Corresponding 
0 and S0 = -1 , 1 

satisfied. That is, 
to the roots A0 = 0 and S0 = - 1 , the conditions of Theorem 3 are 

^ , S 0 = A ) , - 1 = 1 + 1 < 1 a n d P^=Po = Y e * 0 . 

Since A = 0 and A + ^ o < 0, the zero solution of (38) is 
stable. 

Example 3. Consider 

y ' ( t ) + n t - f j = ^ y ' ( t ) + 3 - f ) -
f 
1 + e f y(t ) - 2 y(t — ), 

t>0, (40) 

2 
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ft 
y(t) = m , - - < t < 0 , 

where $(t) is an arbitrary continuously differentiable initial 
ft function on [- — ,0]. The characteristic equation (3) is 

Ax f _ 

2A2 = 3A + 3Ae 2 - 1 + e 
Ax 

- 2e (41) 

and we see easily that A = 1 is a root of (41). Taking 0 ~ , the 
characteristic equation (9) is 

S 
f x \ 

1 -J(S+1) 

1 + e 2 

V 

-X(S+1) 
1 + e 2 

y 

Therefore, we find that S = S0= 1 is a root. Corresponding to 
the roots 1 and S0= 1, the conditions of Theorem 3 are 
satisfied. Since S0> 0 and A0+SVl> 0, the zero solution of (40) is 
unstable. 
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