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INTRODUCTION

M. Matsumoto defined (a,)-metrics [1] as a general-
ization of the Randers metric. One can find applications
of (a,B)-metrics in physics and biology [2-4] in 1972. We
understand geometric properties of Finsler metrics in
the general case better as we study (o,p)-metrics more.
Although it is more difficult to study (a,)-metrics, when
compared to studying Randers metric, we see good results
with full of geometric properties appearing for (a,p)-met-
rics in recent years, [5-10].

An (a,f)-metric is a scalar function on TM defined
by F = a®(s), s =§ where @ = @(s) is a C* function
on (=byby), o= \/W is a Riemannian met-
ric and g = b; (x)y' is a 1-form. It can be shown that for
any Riemannian metric a and any 1-form  on M with
b = [|Bxlle < by the function F = a® (s) is a (positive defi-
nite) Finsler metric if and only if @ satisfies

*Corresponding author.
*E-mail address: sulgen@antalya.edu.tr

This paper was recommended for publication in revised form by
Editor in Chirf Ahmet Selim Dalkili

In this paper, we study a non-Riemannian quantity y-curvature of («, 3)-metrics, a
special class of Finsler metrics with Riemannian metric « and a 1-form f3. We prove
that every (o, f8)-metric has a vanishing y-curvature under certain conditions.
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B(s) >0, B(s)—s® (s)+ (b% —s2)@" (s) >0,
(Isl < p <by).

Such (a, )-metrics are said to be regular. Randers metrics
are special (o, )- metrics defined by@=1+s,ie,F=a+p.
Non-Riemannian quantities play a quite import-
ant role in Finsler geometry [11-15]. They all vanish for
Riemannian metrics [13, 16-17]. In this paper we consider
a few non-Riemannian quantities. The x-curvature, H- cur-
vature, S-curvature are some of the non-Riemannian quan-
tities in Finsler geometry. The Riemann curvature

0

9 @ 4x*

R = R

is defined by
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where G' = G'(x, y) are the spray coefficients. The y-cur-
vature is related to the Riemannian curvature as shown
below,

1
— m m
Xi= —g{ZR im T R m.i
The y-curvature, H-curvature, S-curvature are related
to each other as shown below.

Xi =S qmy" =S

1
Hyj =0+ xij}

1
Hij=5S ijmY™

where y:= y; dx: and H: = Hi]-dxi ® dx/ ... denote

the x- and H -curvatures of F on the tangent bundle TM,
respectively, S denotes the S -curvature of F The notations
“. “and “ | “ denote the vertical and horizontal covari-
ant derivatives with respect to the Chern connection of E
respectively, [14]. The Chern connection solves the equiv-
alence problem for Finsler structure, like many other con-
nections, [18], and gives rise to a list of criteria to decide
when two such structures differ only by a change of coor-
dinates, [19].

Main Theorem and Some Applications

In this paper, we study a non-Riemannian quantity, the
x-curvature of (a, B)-metrics, a special and a large class of
Finsler metrics with Riemannian metric o and a 1-form f.
We prove that every (a, f)-metric has a vanishing x-curva-
ture under certain conditions. We give the following theo-
rem and its corollary below.

Theorem 1.1 Let F be an (a, f)-metric on n-dimen-
sional manifold M. Assume that B is a closed 1-form
and 1y = K(bzaij — b;b;), where K is a constant. Then the
X-curvature vanishes.

One can see that the following corollary can easily be
proven when we apply the given conditions to the equation
in (3.27).

Corollary 1.2 Let F be an (a, p)-metrics on n-di-
mensional manifold M. B is a closed 1-form and 7;; = 0
if and only if the X-curvature vanishes.

As an application we give two examples using a Randers
metric defined on $* and an (a, P)-metric defined on an
open subset in R®, respectively. These examples show that
under the given conditions, namely, when P is a closed
1-form and ;; = K(bzaij — b;b;), where K is a constant,
we get that the X- curvature vanishes.

Randers metrics were first introduced by the physi-
cist G. Randers in 1941 in the theory of general relativity
where R. S. Ingarden, was the one who named it as Randers
Metrics for the first time in an application in his thesis [20]
in the theory of the electron microscope. They are among

the simplest Finsler metrics, expressed in the form F = a
+ B, where a= v a;; (x)y' y/ is a Riemannian metric on
a differentiable manifold M and 8 = b; (x)y'is a 1-form
with [[Bx|la = sup yer,m % <1 for any point x € M .
Many Finsler geometers have studied the geometric prop-
erties of Randers metrics and have obtained many import-
ant and interesting results, [21-26].

Example 1 [23] Let F = a +  be the family of Randers
metrics on §* constructed in [27]. It is shown that
r;j =0 and s; = 0. Thus for any C* positive function
@ = ¢(5) satisfying the following

@()=5¢' () +(p*=sD) @ (s) >0, (Is|<p<by),

the (a, B)-metric F = ap (E) has vanishing S -curva-
ture. This implies that the x-curvature vanishes.

Example 2 [23] Let F = a@ (2) be an (a, B)-metric
defined on an open subset in R3, At a point

x=(x7V2)in R3 and in the direction y =(u, v, w) in
T,R3 o = a(x, y) and B = B(x, y) are given by

a:=Vu?+e**(v2+w?), p: = u. Then P satisfies
r;j = e(b%a;; — bib;),s; = Owithe =1, b =1.

Thus if @ = @(s) satisfies

_ _o4?
¢=-2(n+ 1k =57y
for some constant k, then F = ag (2) is of constant
S -curvature, namely S = (n + 1), hence (1.3) implies
that the x-curvature vanishes.

Proof of the main Theorem

In this section we prove the main Theorem and the
given Proposition below. Before the proofs, we introduce
some facts first. Let F be an (a,p)-metric on a manifold M"
defined in the previous section and the spray coefficients G!
of F has the following formula given below

G =G +H,
where G' denote the spray coefficients of a and

i

H' = ash + {~20as + ro} (65 +¥b} (1)

with
0 ' Q Q-sQ’
Q=" A=14sQ+(b* —sH)Q y=3; 6="75; (2)

b=[Bxlla, S} = aikskj: 5= Sjl v, so=s;y', Too= Tij y'yl.

Note that the index ‘0’ means ‘contracting with respect
to y. We also express

M=1 +T,
where I1=[G"]ym, IT= [G™]m and I'=[H"]ym
Using the above identities, we get
['=2Esy + 21, ¥ — a L¢ry, (3)
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where where H,, Q, 6, y, D, x and ® are given above in (1), (2),
- - and (5), respectively.
Proof of the Proposition
T 1 ro_cO _(h2_ " We recall ' defined in (3), and we calculate the follow-
d=-—{—(Q—sQ )(nA+1+sQ)—(b*~s*)(1+sQ)Q }
2 ®) ing terms [0 T T imdy™ TimH™ below. When we
The x-curvature is given by let p:=b% we get p.my" = 2(rp + Sp) We first need the

. following useful identities for h; = ab; — sy; below in (8),
X;= 2 {Hyixm ym =TI — 21‘[yiym G™},

(6) Si= (X—Z hi » Sm= O(_1(I'm0 - SmO); o= at Y 1= 0;
where IT and G™ are as defined above. In the next hoy™ = a (rig = si0) — o 'rop Vi (8)
Proposition 3.1, we compute y; by using (6). s, Y=o lrgg sy, YU =0;

Proposition 3.1 Let F be an (a, B)-metrics on n-dimen-
sional manifold M. Then the x-curvature is given below,

[ = a (285, +2rgWs —a™! ryo Ps)(rio—s;
X;= C+D+E ) i (2Essg +2r9 00 Ps)(Tio—si0)

+ Z(ZEPSO +2rg¥p —a™t o Cf)p) (ri +5sp) 9)
where + (28380, + 2ro; ¥ — ™ rgo; D)

C=at(28s; +2r;Ws — a! rjy @s) ryg

1 om -1 = —

+207" (28559 +2rgWs — a7 rop Ps) sj0 [, =a % (28ss, +2rgWs — a 'rgg Ps) h;

+a7? (2Esg;0 + 2ro,0Ws — o' rg0 PS) by + (2Bs; 4 2r,¥W — a7ty @)

+2a72 (28,80 +2rgWsp — a”! rgg Psp) (1o + so) by + (2Es150, + 210, ¥ — a™t g0 @) (10)
—2072 (285 +2rgWs — a™! rog ®s) hipy +a 3 ® (rgo y; — a® 1),

H™—2a72 (28s; +2r;¥s — a~ ! 1y ®s) hy, H™

—2a72(28s,, +2rpWs — a1y @s) hy Foym=J 41 -
i;m ’ 11

H™ —a 3 (285 +2rgWs — o™t roo @s) rogo Vi,
where
D = a3(2Es, + 2rgWss —a ! ryg ®ss)rogo h; ;

] = a3rpg (2EsSy + 2rgWss — a™t rgo ®ss) h;

+a™? d(rgo0 vi — o Tion) ”
+2 a® Bp (rg +50) (g 31 — 1) +2 a2 (285,80 + 2rgWsp — a " rog Psp) (ro + o) by
-2 a3 @ (rgpaj, —o? ryy) H®
—4 a3 P (ryg yi—a? rjy) H®
—2a* (284 5g+ 2rgWss —a~! 1oy ®@ss)h; hy, H™

+4 ot (28ssy + 2rgWs —atrgg ®s) h; y, H™ and

+ a2 (28sS0,0 + 2rg,0Ws — a7t rgp,0 P5) by
+ a1 (28gsy + 2rgWs — a™t rog @s)(rip—Sio)

1

— o319 (2Egsy + 2rgWs — a™ ! 1oy ®s) y;

+a~* ®s rgo(rop yi —® Tip) —
L=a1ryy (28s; +2r;¥Ws— a ! rjy ®s)

+(28g;, + 21 0% — a7 rig, D)
+2(28,s; + 2r,Wp — ! rjo Pp) (ro + So)
+a™* Psrgg (1o yi — o Tig)

+2 a3 ®p(rg +50) (rop yi — o ryp)
—2 (2B,s) +2rgWp —a! rgg ®p) (r; +s;) + a”® ® (roo0 ¥iv — o Tigo),

E=2a>® ®s (ryp y; — o 1j9) hy, H™
—2 a® ®s (rgg Ym— a* Iyo) hy H™

+6a>® (rypy; —a® rig) yy HM

+2 (28,8 + 2r;¥p—at 1o Pp) (rp + sp)
+ (28, 5; + 210V — aLrigo ®) Tim Y= I, =M+N+P, (12)

= P g1 . d
— (2"'50;1 S; + 21‘0;1‘11 (0 I'oo;i CI)) where



Sigma J Eng Nat Sci, Vol. 42, No. 2, pp. 566-571, April, 2024 569

M = a3 (2Es, +2roWss — a™t rgg ®ss)rop hy Weletro =0, 1; =0, s;; = 01in the expression of y;

F2a72 (g + SO)(ZESpSO +2rgWsp — a1 1oy Bsp) hy in (3.11), then y;becomes as follows.
+ a7 2(2Eg8q,0 + 2rg,0Ws — a L 1o, D) hy

0 X = —a *®@ssrgg 2 hj + 2 a® Dssrgy hy hy, H™
+ a7 (2Esg + 2rgWs — a1 rog ®s) (rip+ Sio)

+ 207 Psrgy 2y; — 6 A Dsrgg hy y H™

+ 2073 ®srgp hjmH™ — 2 a2 Bs 1y rig
N = a3 (2Egs, + 2rgWs — a~ L rog PS)ree Vi _ _
P -1 — + 4073 dsrig hy, H™ + 4a3®sry, hH™
+ a1 (2E5gs; +2r;Ws — a7t 1y Ps)rgg = _ _
) _ — a7 Psrogo hy =207t Py +at DProg
+ (2Egi830 + 2130 W — o Tig0 B)

_ + a3 Progp yi —4a 3 O H yy, 1y
+2(ro + so)( 2E,s; +2r;Wp — a” g de)

— 20 5®Psrgy yi hpH" + 6 a5 @ oo Vi YymH™
— o 1 (2Egsg + 2roWs — a”t ry9 Ps)(sio — Iio) — 203 Brgy agy HM —4a-3 Brpgy; HO
+ 40! dry, HM
P = 2(r; —s:)(2Eps, + 2roW¥p — a”'rgo Pp)

— (25 S + 2o W — ™ 1o CTD) We compute the following terms we need, and express
R 65,1‘ (r o 119) them in terms of ©, ¥ and others.
oo\Foo ¥i — i0
+ 2 a3(rg +50)Pp (g0 yi — a® rig) ymH™ = argo (6 +s¥),
— rmoH™ = a~ ! O ryg 2
+ a3 P (roo;o yi — o rio;o) mo 00

rinH™ = a7t 1y9 10 6,
- amH™ = 1oo (a7t y, 6 +b; W),
T, oH™ = =2 a7*(2Es, + 2roWs —a™ oo Ci)s) h; y, H™ hi.mHm = ot roo (6h; — (bz _ SZ) Py,),
+ o (284S, + 2rgWss — a " rpg Pss) h; h,, H™ hmHm = Wryy (bz _ SZ),
+ o 2(2E¢sy, +2rpWs — a7t rye ®s) hH™
* a_: ZESS" " jro:ls B a_ll oo ;S)) :i'";;m (13) We rewrite ; by using the above calculations,
+a ?(2Egs; + 2r;¥Ws — a”" rjp Ps) hy,

+ a5 ®s (rog ¥pm — aPrmo) h;H™

Xigj';; = - 01_4{655 I'oo 2 _2®ss Ioo 2y (bz - SZ)
+ o8 i — a?rig)H™ (h,, ®s — 3y, ® — — =
“ 3(r00 vi ¢ rlO) Z( m®s ym ) + 6s Os I'oo 2 Y+20 Too 211] + a ds 1'00:0} hi
+a PeH™ (rOO Ajm — 2a Iim— Tio ¥Ym + ZrmO Yi) _ _ _ (17)
+2a7* {Ds -2 Ps W (b2 —s?) + 2s D W} A
where +oa3 BB,
Yy H™ = a(rgo — 2aQsg ) (0 + s¥),
smH™ = Qs + a~1(b? — 52) (rgo — 2aQso) ¥,
EH™ = aQr,y 5™+ (rog — 20050 ) (&) 1y 6+ 1), where
SpH™ = aQsy, so ™ +at sp (rge — 2aQsy) 6, (14)
ImoH™= aQrpo So ™+ (fgo — 2aQsy) (™! 1o 6 + 14 ¥), _ _ 2« ).
o™ = GQr 53™ + (rag — 2050) (™" 1y 0 +1, V), A= Ty (foo yi = o Tio);
amH™ = aQsig +(roo — 2aQso) (" y; 6 +b; ¥), (18)
himH™ = —Q (@ ssi0+ yi 50) + @ (oo — 2aQs0) (6h; — (b~ 7) Wy, B = (roo0 yi + @ Tooi — 20 Tig,)-
Plugging the equations (9)-(13) into (6), we c?btam 7). Moreover, when we use (15), we get the following sim-
Proof of Theorem 2.1. We assume that f3 is a closed lified t
1-form and we have the following further assumptions phiied terms,
rij = K (b%aj; —b; by, (15) A= Ksa® hiry,,; B=2Kahr,. (19)
sij = 0. (16) Using (19) into (17), we obtain the following compact

expression for y;.
We obtain the following terms.

Xii = —a 2h; rop K {— @ss (b? —s%)

— K2 — <2V g2 =0 . =0 _ —

Foo = K(b™ =sH % 1 =0; 1o =0; + 2 ®ss (b? —s?)? W — 10 s Ps ¥(b? —s?) (20)
rio =K(y; b2 —b; as) = K(b? —s?)y; —Ksh;;

—2® ¥ (b? — 3s2) + 45 Bs + 2 D}
Tio — & 2roo ¥i =—Ksh;; rig0 =—K (rigsa + b; rgp);

Too;i = —2KTjpsa; roo,0 = —2Krposa. It is clear that ® in (5), could be rewritten as follows
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&= P /2A%, where ® = — (Q —sQ)(nA + 1 +sQ)
— (b* =s*)(1 +sQ)Q”

We have the following fact that

®=2(n+1)keA?/(b? —s?),
®=m+Dke/(b?-s?),

We have the following derivatives for @.

&= (n+ Dk —2—

(b2-s2)’
= Ps _ S
®s = (n+ Dk TS 2(n+ 1k s
(21)
Bss = —2(n + Dk ——" 8(n + Dk —>2
S$ = n (b2 — 52)2 n (b2 —s2)3”’
If we use @ in (5), we obtain
X = rop K a7 2h; -2 (b? — Sz)l-lJ
i 00 1 {(Pss Qss (22)

-2 e¥Y+2sp; ¥} (n+ 1k

Hence, using the equations below, we get y; =0

7

¢

Q= - A=145Q+ (b* —sH)Q';
© =S¢
Q  Q-sQ
V=58 9T T
CONCLUSION

Although this paper has a useful result expressing how
a non-Riemannian quantity x-curvature vanishes for (a,
)-metrics with Riemannian metric o and a 1-form B when
Bisaclosed 1-formandr;; = K(bzaij — b;b;), where Kisa
constant as it is stated in the main theorem. We believe one
can do more. One may consider doing computations to see
what happens to the non-Riemannian quantity x-curvature
when K is a scalar function. This would allow us to see and
explore the geometrical variations for § 1-form with respect
to the Riemannian metric a. Next study will basically focus
on this open problem and we hope to get a good result after
rigorous and somewhat harder and more time consuming
computations to be done on Maple.
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