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Abstract

In this paper, firstly, a summary of certain results related to the differential geometry of ruled surfaces is
provided. Subsequently, the signature curve for ruled surfaces in Euclidean 3-space is introduced. Additionally,
a simple algorithm for the reconstruction of a ruled surface, which is both efficient and entirely local, requiring
only the initial motion direction and starting point, is presented. Finally, the efficiency and accuracy of the
algorithm are demonstrated through several examples.
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3-boyutlu Oklid Uzayinda bir Regle Yiizeyin Yeniden Yapilandirilmasi
Oz
Bu makalede, oncelikle regle yiizeylerin diferesiyel geometrisi ile ilgili bazi sonuglarin bir 6zeti sunulmustur.
Daha sonra, Oklid 3-uzayinda regle yiizeyler igin isaret egrisi tanitilmugtir. Ek olarak, bir regle yiizeyin yeniden
yapilandirilmasi i¢in hem verimli hem de tamamen yerel olan, yalnizca ilk hareket yonii ve baslangi¢ noktasi

gerektiren basit bir algoritma sunulmustur. Son olarak, algoritmanin verimliligi ve dogrulugu birka¢ 6rnekle
gOsterilmistir.
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1. Introduction

In the Euclidean plane, the parametric representation of a curve a(t) yields its signature curve
S(t) = (K(t), Ky (t)), where k(t) signifies the curvature and k,(t) is the rate of change with
respect to the arc length t. Calabi et al. used the signature curves to recognize invariant
properties of visual objects in the Euclidean plane [1,2]. They also introduced a new method
for invariant recognition of visual objects that involves numerical approximation of k(t) and
Ks(t) to a differential invariant signature curve. Surazhsky and Elber explored the process of
uniquely deriving a planar curve's curvature signature and, more importantly, the methodology
for reconstructing the curve from its curvature signature [3]. Numerous geometers have
examined these inquiries and extended the scope. In 2012, Hickman demonstrated a method for
generating all planar curves that exhibit a specific signature curve [4]. In 2000, Boutin
introduced a 3-dimensional adaptation of the Euclidean signature curve, encompassing
curvature, torsion, and their respective derivatives concerning arc length [5]. In more recent
times, Wu and Li introduced an algorithm for replicating a motion trajectory through the
utilization of the signature curve within the Euclidean space [6,7,8]. The exploration of ruled
surfaces represents an intriguing research domain within surface theory, with applications
spanning various areas in CAD and CAGD [9]. Peternell delved into the reconstruction of
developable surfaces from scattered data points, while Ryuh et al. harnessed ruled surfaces for
robot motion planning [10, 11]. Pottmann et al. explored offsets of rational ruled surfaces [12].
Furthermore, the geometry of ruled surfaces plays a crucial role in the study of kinematic and
positional mechanisms, as demonstrated by Kiihnel, Abdel Baky, Ekici and Coken, Zhang,
Unliitiirk et al. and Ekici et al. [13,14,15,16,17,18]. Similar to the fundamental theorem of
curves, which facilitates the determination of a curve based on curvature and torsion, a similar
structure can be recognized in the field of reconstruction of a ruled surface. In this context, the
signature curve plays a crucial role. The basic rationale behind the inclusion of a signature curve
in a ruled surface reconstruction algorithm stems from the inherent independence of signature
curves with respect to the choice of coordinate systems. As a result, the freedom to add
segments of constant curvature at critical points of the curve is allowed. However, this freedom,
together with an Euclidean transformation, constitutes the only freedom available to preserve
the integrity of the signature curve. Moreover, these curves provide an accurate representation
of the shape of the ruled surface and rigorously capture all its critical geometric features. The
organization of this paper proceeds as follows: Section 2 describes the basic properties inherent
to ruled surfaces. The following section briefly summarises the algorithmic concept governing
the reconstruction of ruled surfaces. Finally, Section 4 analyses the pragmatic applications of
the proposed algorithm, providing several illustrative examples for extensive discussion.

2. Ruled Surfaces

This section is devoted to the so-called ruled surfaces. A ruled surface in Euclidean 3-space
R3 is a (smooth or discrete) one-parameter family of straight lines [9]. We briefly recall some
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basic facts on ruled surfaces. Recall that, using standard parameters u and v, a ruled surface
can be parameterized by

p(u,v) = a(u) +vX(u) (D

where [[X ()| = |IX'(w)|l = 1 and {(a’(uw), X" (w)) = 0.
Here a(u) is the striction line, the parameter u is the arc length of the spherical curve
X(u).
A ruled surface is, up to Euclidean motions, uniquely determined by the following
quantities:

F= (a,X)

Q= det(a, X, X" (2)

J= det(X, X', X")
each of which is a function of u. Conversely, every choice of these quantities uniquely
determines a ruled surface.
Furthermore, the derivative of the striction line is completely determined by F and Q using the
equation

a'=FX+QXAX 3)
where Q is the parameter of the distribution.
In the moving frame, {X, X', X A X'} we have the Frenet type matrix

g X 0 1 011 X
—| x |= [—1 o Jl| x ()
Ylx ax 0 —J ollxax

3. Reconstruction of a Ruled Surface from its Signature

As in the basic known theorem for curves; given curvature and torsion, the curve can be found
by the difference in position. Similar to this structure, the reconstructed regular surface can be
found using the signature curve. Recalling the fact that the ruled surfaces can be completely
determined by F, Q and | we have the following definition.

Definition 2.1 Let ¢ be ruled surface in Euclidean space R3. The signature curve of the ruled

surface is defined by

S(w) = {F(w), Q(w),J (W} )
We can easily see that the signature curve of ruled surface is invariant under translations and
rotation.
This paper aims to formulate an algorithm for the reproduction of the ruled surface based on its
signature, denoted as S. Initially, the reproduction process involves the generation of the ruling
and the striction line. Then, the reproduced ruling and the striction line are combined to
reconstruct the ruled surface.

Firstly, to reproduce the moving frame of ruled surface we use the so called finite difference.
Let u; and u; + Au; be two consecutive points. The derivatives of moving frame vectors
M = {X,X',X A X'} can be obtained by
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X(ui + Aui) - X(ui)

@X(ui) =

Aui
d , . X’(ui + Aul) - X,(ui)
I X W) = A, (6)

d

— X ANXDH(u) =

—— (X A X)) T
From Eq. (4) and (6) we can derive the following iteration equation expressed in matrix form
as

X(u; + Auy) 1 Au; 0 X(u;)
X,(ui + Aui) = _Aui 1 ]Aul X,(ui) . (7)
(X AX)(u; + Auy) 0 —JAu; 1 X AXD)(w)

We use this matrix to compute new vectors from old ones.
Since the moving frame vectors are unit vectors, we need to normalize the vectors, then we
have the reproduced moving frame vectors obtained by

~ X(ul + Aul)
X(u; + Au;) =
l l X (u; + Auy)l
~ X'(ui + Aul)
X'(u; + Au;) = - (8)
l l I1X" (u; + Auy) |
— (X A X,)(ui + Aul)
XANX)(u; +Awy) =
XDt 80 = AR Gy + B
where ||. || indicates the Euclidean norm ofa vector.
The reproduced moving frame M (u; + Au;) at the point u; + Au; from M (u;) denoted by
M(ui + Aul) = {X(ui + Aui),’ﬁ(ui + Aui), (X A X’) (ul’ + Aul)} (9)

To the reproduce the moving frame vectors we need the initial motion direction given by
O(uo) = {X(ue), X (o), (X AX")(uo)}

where we set the initial point as u,. Starting from the initial motion direction ®(u,) and the

provided signature S of the ruled surface, by iteratively applying equations (7) and (8), we can

compute the moving frame M (u; + Au;) for all points on the reconstructed ruled surface.

It is no surprise that the reproduced vector X(u; + Au;) can be considered to be the

ruling of the reproduced ruled surface.

Next, we turn our attention to the reproduction of the striction line. To reproduce the

striction line we use again finite difference method. Then, the derivative of the striction

line of the ruled surface is obtained by

a(u; + Auy) — a(u;)
Au; '

d
—au) = (10)

Substituting (3) into (10) gives

a(u; + Auy) = a(u) + A [F(u)X (w) + Q(u) (X A X" (wy)]. (11)
Using the initial starting point a(u,) and (11) we can easily reproduce all the points
of the striction line.
As the final step, combining iteration equations (8) and (11), the reproduced ruled surface
¢@(u; + Au;, v) can be easily constructed in the following form:

ou; + Auy,v) = a(u; + Awy) + vX(u; + Au;) . (12)

To summarize, once the signature data is available, the above equation can be used to
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reproduce all the points of the ruled surface. Therefore, given the initial starting point
a(uy) of the striction line, the initial motion direction ©(u,) of the moving frame, and
iterate equation (12), we can reproduce all the points of the ruled surface.

4. Examples

In this section, we tested the performance of our algorithm. We give some examples as

follows:
Example 3.1 Let us consider the well-known ruled surface helicoid parametrized by
¢(u,v) = (vcosu, vsinu, u). (13)
We have the moving frame as
X(u) = (cosu,sinu,0)
X'(u) = (—sinu,cosu,0) (14)

XAXH(w)= (0,0,1).
F,] and Q are obtained by
F=]=0 Q=1 (15)
In this example, we can simply set the initial motion direction ®(1) in thefollowing
form:
X(H)= (1,00
X'(1)= (0,1,0) (16)
XAXH(1) = (0,01).
The initial point of origin is selected as

a(1) = (10,5,0). (17)

Figure 1. (a) The original ruled surfaces Figure 1. (b) The reproduced ruled surfaces

Now, consider the reconstruction of the ruled surface. At the initial starting point a(1) of
the striction line, the initial motion direction ©(1) of the moving frameof the ruled
surface and signature curve S(u) respectively, are firstly given as input data. Then, we
reproduced the ruled surface with points v € (—3,3) and u; € (1,10) with Au = u;,, — Ay;
for Au = 0.01. The ruled surface, which was produced by the signature of the original
ruled surface, is shown in Figure 1(b). The original ruled surface is illustrated in Figure
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1(a). Figure 1(a) and Figure 1(b) show that the original and reproduced ruled surfaces
are similar. They have the same shape (signature curve) but they are not identical in space
position.

Example 3.2 The Wallis' conical edge represents a ruled surface defined by the parametric

equation:
o(u,v) = (vcosu, vsinu,\ 4 — 3COSZu).

The derived calculations yield the expression S(u) as follows:
3cosusinu
S = (0t 0)
V4 — 3cos?u
Assuming that the initial direction of motion ®(—3) and the initial starting point a(—3)
are given by:

X(-3) = (-0.989,-0.141,0)
X'(=3) = (—0.141,-0.989,0)
X AX)(=3)= (0,0,1)
and
a(—3) = (0,0,1.02) (18)
respectively.

Figure 2. (a) The original ruled surfaces Figure 2. (b) The reproduced ruled surfaces

The ruled surface is then reproduced with points v € (—3,3) and u; € (1,10) such that
Au = u;,; — Au; for Au = 0.01. Figure 2(a) and Figure 2(b) show that if we choose the
initial motion direction and the initial starting point identical to the original ruled surface
then the original and reproduced ruled surfaces are completely identical.

Example 3.3 Assume that the signature curve is given as input data in the following form:

Stu) = (—Zu, 0, %)

We start at an arbitrary initial motion direction ®(—4) given by
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X(-4)= (1,0,0)
X'(-4) = (0,1,0) (19)
X AXD(=4) = (0,0,)

In addition, assume we are given the initial starting point of the striction line of the ruled
surface in the following form:

a(—4) = (5,4,3). (20)

Now using a(—4), ©(—4), and S(u), we can produce a ruled surface, illustrated in Figure
3. In Figure 3(a) and Figure 3(b), the appearance of the reconstructed ruled surface is plotted
by rotating it in two different directions. We, here, computed the ruled surface with points
v € (-3,3), u; € (—44), and Au = u;;; — Au; for Au = 0.01.
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Figure 3. (a) The produced ruled surface Figure 3. (b) The reproduced ruled surfaces

Conclusion

This article is devoted to the reproduction of ruled surfaces in Euclidean space. Examples
are reported to show the reproduction algorithm for ruled surfacesis flexible and easy.
The validity and effectiveness of the formulation are checked through several examples.
According to our experiments, the accuracy of the ruled surface reproduction will be
sufficient in most applications. If necessary, it can be improved by reducing the mesh size Au.
For future research our algorithm can be applied to Lorentz space as well. Furthermore, we will

apply this method for surface reconstruction.
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