Turkish Journal of Science & Technology Research Paper
18(2), 319-330, 2023. https://doi.org/10.55525/tjst.1244925

The Effect of the Second Stage Estimator on Model Performance in Post-LASSO Method

Murat GENC", Omer OZBIiLEN?
! Department of Management Information Systems, Faculty of Economics and Administrative Sciences, Tarsus University
Mersin 33400, Tiirkiye
2 Department of Geomatic Engineering, Mersin University Ciftlikkdy Campus Mersin, Tiirkiye
*I muratgenc@tarsus.edu.tr, > ozbilen@mersin.edu.tr

(Gelis/Received: 30/01/2023; Kabul/Accepted: 24/07/2023)

Abstract: Penalized linear regression methods are used for the accurate prediction of new observations and to obtain
interpretable models. The performance of these methods depends on the properties of the true coefficient vector. The LASSO
method is a penalized regression method that can simultaneously perform coefficient shrinkage and variable selection in a
continuous process. Depending on the structure of the dataset, different estimators have been proposed to overcome the
problems faced by LASSO. The estimation method used in the second stage of the post-LASSO two-stage regression method
proposed as an alternative to LASSO has a considerable effect on model performance.

In this study, the performance of the post-LASSO is compared with classical penalized regression methods ridge, LASSO,
elastic net, adaptive LASSO and Post-LASSO by using different estimation methods in the second stage of the post-LASSO.
In addition, the effect of the magnitude and position of the signal values in the real coefficient vector on the performance of
the models obtained by these methods is analyzed. The mean squared error and standard deviation of the predictions calculated
on the test set are used to compare the prediction performance of the models, while the active set sizes are used to compare
their performance in variable selection. According to the findings obtained from the simulation studies, the choice of the
second-stage estimator and the structure of the true coefficient vector significantly affect the success of the post-LASSO method
compared to other methods.
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Post-LASSO Yénteminde ikinci Asama Tahmin Edicisinin Model Performansina Etkisi

Oz: Cezali dogrusal regresyon yontemleri yeni gozlemlerin dogru 6n tahmini ve yorumlanabilir modeller elde edilmesi igin
kullanilir. Bu yontemlerin performans: gergek katsay: vektoriiniin 6zelliklerine bagl olarak degismektedir. LASSO yontemi
stirekli bir siiregte esanli olarak katsay1 biizme ve degisken se¢imi yapabilen bir cezali regresyon yontemidir. Veri kiimesinin
yapisina bagl olarak LASSO’nun karsilastig1 problemlerin asilabilmesi igin farkli tahmin ediciler 6nerilmistir. LASSO’ya
alternatif olarak onerilen Post-LASSO iki asamali regresyon yonteminin ikinci asamasinda kullanilan tahmin yontemi model
performansi iizerinde kayda deger bir etkiye sahiptir.

Bu calismada Post-LASSO’nun ikinci asamasinda farkli tahminleme yontemleri kullanilarak klasik cezali regresyon
yontemleri olan ridge, LASSO, elastik net, uyarlanabilir LASSO ile Post-LASSO’nun performansi karsilastirilmistir. Ayrica
gercek katsayr vektoriindeki sinyal degerlerinin biiyiikliikk ve konumunun s6z konusu yontemlerle elde edilen modellerin
performans: tizerindeki etkisi incelenmistir. Modellerin 6n tahmin performansinin karsilastirilmasi i¢in test kiimesi tizerinde
hesaplanan hata kareler ortalamasi ve tahminlerin standart sapmasi; degisken se¢imindeki performanslarinin karsilagtiriimast
icin aktif kiime biiytikliikleri kullanilmistir. Simiilasyon ¢alismalarindan elde edilen bulgulara gore ikinci asama tahmin
edicinin se¢imi ile gergek katsay1 vektoriiniin yapisi Post-LASSO yo6nteminin diger yontemlere gore basarisini dnemli dlgiide
etkilemektedir.

Anahtar kelimeler: Dogrusal regresyon, LASSO, Post-LASSO, Coklu I¢ Tligki.

1. Introduction

In statistical modeling, linear regression analysis is a technique used to estimate the relationship between a
continuous response variable and explanatory variables. The regression analysis has many applications in different
disciplines 1, 2, 3. The first step in forming a linear regression model is the estimation of regression coefficients.

A linear regression model is defined as

y=XB+¢ )
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where y is an n X 1 vector of response variables, X is an n X p matrix of explanatory variables, f# is an p X 1
vector of unknown coefficients, and € is an n X 1 vector of error terms with mean 0 and covariance matrix o1
The most used method for coefficient estimation in linear regression is the ordinary least squares (OLS) method.
The OLS estimator of the coefficients for the regression model in Equation (1) is

Beix = XTX)71XTy. (2

A dataset becomes ill-conditioned if there is multicollinearity, which is defined as a high degree of the linear
relationship between explanatory variables. Although the OLS is often used to estimate regression coefficients,
the OLS estimator yields unsatisfactory estimates due to inflation of the variance of the coefficients when the
matrix of explanatory variables is ill-conditioned. Moreover, by its nature, the OLS estimator cannot estimate any
coefficient as zero. Therefore, it cannot perform automatic variable selection. New estimators have been proposed
to overcome these drawbacks of the OLS estimator. The ridge 4, Liu 5 restricted least squares 6 and restricted
ridge estimator 7 are the methods that can produce more accurate prediction accuracy than the OLS by using some
constraints on the coefficients. In contrast, the non-negative garrote 8, bridge regression 9, LASSO (least absolute
shrinkage and selection operator) 10, elastic net 11 and adaptive LASSO 12 are methods that provide automatic
variable selection as well as shrinkage of regression coefficients. The Bridge regression is a penalized regression
method with ||B||Y, y > 0 penalty function. The y = 1 case of the penalty function of the Bridge regression
corresponds to the LASSO method. The elastic net is obtained by adding the £, norm term to the penalty function
of the LASSO and is more flexible than the LASSO. The adaptive LASSO is a method based on the calculation
of LASSO estimates using adaptive weights.

The Post-LASSO estimator is a two-stage regression analysis method. In the first stage of the post-LASSO,
the coefficient estimates are calculated. The variables with the non-zero coefficients (signals) among these
estimates are selected. In the second stage, the regression coefficients of the explanatory variables selected at the
end of the first stage on the original response variable are calculated by using a certain estimator. There are various
studies in the literature on such two-stage methods. 13 proposed a post-LASSO estimator based on the
implementation of the LASSO in the first stage and the OLS in the second stage and showed that this estimator is
at least as good as LASSO in terms of convergence speed while being less biased than LASSO. 14 takes into
consideration a two-step estimation technique for estimating the interaction effects in a spatial autoregressive panel
model with a potentially large spatial dimension. 15 used the post-LASSO estimator with the ridge in the second
stage for selecting the nested groups of the relevant genes from microarray data. 16 proposed the double LASSO
and compared its performance with some estimators performing variable selection via simulation studies and
applied it to Parents’ Life Satisfaction data.

In the literature, there are various studies conducted to compare different linear regression methods through
simulation studies. 17 conducted a simulation study for variable selection using the bootstrap method in principal
component regression for high-dimensional data analysis. 18 conducted a study on the performance of penalized
regression methods on high-dimensional datasets. 19 conducted a study on the comparison of convex penalized
regression methods depending on the structure of the true coefficient vector in classical datasets.

This study investigates the performance of the post-LASSO two-stage method depending on the second-stage
estimator, the characteristics of the true coefficient vector and the amount and location of the signals. The classical
penalized regression methods the ridge, LASSO, elastic net, adaptive LASSO, and the post-LASSO methods are
used for comparison. In the second stage of the post-LASSO, the OLS, ridge and LASSO methods are used
respectively and the effect of the selected method in the second stage on the performance of post-LASSO is
analyzed.

In Section 2 of the study, the penalized regression methods compared are summarized and the comparison
criteria are given. The characteristics of the simulation studies used in the comparison are also mentioned. In
Section 3 of the study, the findings obtained from the simulation studies are presented and the results are discussed
in detail. In section 4 of the study, conclusions are given, and the study is completed.

2. Material and Method
2.1. Penalized Regression Methods

Since the OLS fails to predict new observations accurately depending on the structure of the dataset and fails
to select variables, various methods based on the calculation of model coefficients under certain constraints have
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been proposed as an alternative to the OLS. These methods are known as penalized regression methods and are
widely used 20. These methods are used to obtain stable regression coefficient estimates by dealing with the
problem of inflation of the variance of the coefficients. Some of the penalized regression methods can also perform
automatic variable selection.

Let (x4, ¥1), (X2,¥2), ., (X, V) be an independent and identically distributed dataset, where X; is the i-th
observation vector of size p X 1 and y; is the response of i-th observation. The objective function of the linear
regression model given in Equation (1) is

Q(B) = lly — XBlI3/2n + p2(B) €)

where B is the vector of unknown coefficients, p, (+) is the penalty function and 4 is the tuning parameter. In these
methods, coefficient estimates are obtained by minimizing the objective function given in Equation (3).

The OLS estimator in Equation (2) has the smallest variance in the class of unbiased estimators. However, in
the case of multicollinearity in the dataset, The OLS estimates are far from being satisfactory. To overcome this
problem, penalty functions that affect the coefficient estimates in different ways have been proposed in the
literature.

Among penalized regression methods, there are one-stage methods where coefficient estimates are obtained
directly or two-stage methods where coefficient estimates are obtained after two stages. One-stage and two-stage
penalized regression methods have been proposed whose performance varies depending on the characteristics of
the datasets.

In the literature, there are various penalized regression methods that shrink the regression coefficients to
achieve higher prediction accuracy than the OLS. 4 proposed ridge regression as a method based on the trade-off
between the bias and variance of regression coefficients. Ridge regression aims to overcome the problem of over-
inflation of variance by compromising the unbiasedness of the model coefficients. In ridge regression, coefficient
estimates are obtained by solving the problem

B = argmindly = XBII3/2n + 2118112} @

where 4 > 0 is the tuning parameter. The larger A, the greater the shrinkage of the coefficients. The ridge
regression coefficient estimates are found as

Br = (X"X + AnL,) ' X"y (5)

by solving the problem given in Equation (4) where I, is the p X p identity matrix. If the dataset is ill-conditioned,
ridge regression gives more accurate preliminary prediction values than EKK. Despite its prediction success, ridge
regression cannot perform automatic variable selection. Therefore, estimators that can perform variable selection
have been proposed as an alternative to ridge regression.

Considering the deficiency of ridge regression in variable selection, 10 proposed the LASSO method. In the
LASSO method, coefficient estimates are obtained by solving the problem.

B. = avgminlly — XBI3/2n -+ A1) ©)

Due to the £; norm term in Equation (6), some of the LASSO coefficient estimates become zero for sufficiently
large tuning parameter values. Therefore, the LASSO is not only a coefficient shrinkage method but also an
automatic variable selection method. The problem in Equation (6) does not have a closed-form solution. Therefore,
various algorithms have been proposed to obtain the LASSO estimates. The least angle regression 21, alternating
direction method of multipliers 22, and coordinate descent 23 are some of the algorithms that can be used to obtain
the LASSO estimates.

As the correlation between explanatory variables increases, the prediction success of LASSO regression
reduces 10. In this case, an alternative to the LASSO is the elastic net (ENET) 11 method. ENET is obtained by
adding an €, norm term to the penalty function of the LASSO. The ENET estimator is obtained by solving the
problem
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B = argminly = XBI13/2n + 2(all Bl + (1 = DIIBIE) ™

where 0 < a <1 is the second tuning parameter. The ridge and LASSO correspond to ¢ =1 and a =0
respectively in the ENET. In addition, due to the ridge-type penalization term, the ENET has the ability to group
highly correlated variables. Therefore, the ENET is expected to perform better than the LASSO when there are
highly correlated variables in the dataset.

In cases where the LASSO is not consistent in variable selection, the adaptive LASSO (A-LASSO) proposed
by 12 can be used to estimate the model coefficients. The A-LASSO is consistent in variable selection and is
approximately minimax optimal 12. The A-LASSO is based on the principle of using adaptive weights in the
penalty function of the LASSO. The coefficient estimates of the A-LASSO are obtained by solving the problem

P
Ba-1asso = arg;nin lly — XBllZ/2n + Z Wj|ﬁj| ®)

Jj=1

where w;, i =1,2,...,p are adaptive weights. 12, selected the vector of adaptive weights as w =1/ |f?ekk|.
Accordingly, there are two stages for the calculation of A-LASSO:
1. Calculation of the EKK coefficient estimates and the vector of adaptive weights using these estimates.
2. Solving the problem in Equation (8) by reweighting the LASSO penalty function with the weights from
stage 1.
The Post-LASSO estimator is a two-stage method like the A-LASSO. However, its stages are quite different
from the stages of the A-LASSO. The stages of the Post-LASSO are
1. Finding LASSO coefficient estimates and detecting the signals by solving the minimization problem
given in Equation (6),
2. Regression modeling of the response variable on the subset of the original dataset corresponding to the
signals.
In this study, the OLS estimator given in Equation (2) (post-LO, 13), the ridge estimator given in Equation
(5) (post-LR, 15) and the LASSO estimator given in Equation (6) (post-LL, 16) are used in the second stage of
post-LASSO.

2.2. Simulation Studies and Comparison Criteria

In this study, classical penalized regression methods ridge, LASSO, ENET and A-LASSO, and two-stage
post-LASSO type methods post-LO, post-LR and post-LL are compared through simulation studies. In the
simulation studies, datasets are generated according to the model given in Equation (1) based on the method
described in 10. In each simulation study, 100 datasets consisting of 50 explanatory variables are generated. In
the simulation studies, the correlation between i. and j. explanatory variables is p/*~/! and the values of p are
chosen as 0.5 and 0.7, which are commonly used in the literature 10, 24, 25. coefficients vector on the performance
of the methods, simulation studies are classified into two groups.

S1. In the first group of simulation studies, the signals of the true coefficients vector precede the noise

(represented by a zero-valued coefficient). In this group, the true coefficient vector has the form f =

1.5..15,0.5..0.5,0,0,...,0|. The number of signals, s, is taken as s = 5,10,25,50 to represent
s/2 s/2 50-s
different sparsity levels. As the value of s increases, the sparsity level reduces.

S2. In the second group of simulation studies, the magnitude of the signals is taken equal, and the number
and position of the noises are changed to examine the effect of sparsity and position. In the simulation
studies in this group, the real coefficient vector has the form B = [a, 0y, a, 0y, ..., a, 0, ]. Here a is the
signal value and k is the dimension of the zero vector. The value of k represents the sparsity level of the
true coefficient vector. In this study, a = 0.5,1,5 and k = 1,4,9.

For tuning parameter selection and calculation of performance criteria, it is common to decompose the dataset
into training, validation and test sets 11, 26. First, the penalized regression methods to be compared are trained on
the selected tuning parameter values. The mean squared error for these models is calculated using the validation
set. The model with the smallest mean squared error in the validation set is determined as the best model. The
performance of the models is compared with the mean squared error on the test set.
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Table 1. Quality measures of methods for S1 group simulation studies.

p |s | Compatison pigee  |LASSO |ENET |A-LASSO |Post-LO |Post-LR |PostLL
Criterion
05 |5 %‘j[dslgn of122037 |ose78 |1.1947 |0.9517 2.1560 | 1.4641 |0.7039
Standard 0.08 0.10 0.07 0.06 0.08 0.10 0.05
Deviation
Active Set Size | 50 9 17 6 9 9 9
0.5 |10 %‘j[dslgn off31850 |1.8068 [2.0322 |2.2592 31778 |2.0364 | 1.4044
Standard 0.12 0.07 0.08 0.08 0.13 0.08 0.10
Deviation
Active Set Size | 50 18 26 12.5 18 18 18
0.5 |25 %‘j[dslgn ofl39187 |40861 |[3478¢ |5.7695 54639 32915 |[3.3642
Standard 0.15 0.13 0.14 0.26 0.22 0.13 0.11
Deviation
Active Set Size | 50 30 36 26 30 30 30
0.5 |50 %‘j[dslgn ofl 48628 |6.9273 54853 |9.5477 75741 |43638 |6.4777
Standard 0.14 0.24 0.11 0.37 0.23 0.15 0.15
Deviation
Active Set Size | 50 46 47 43 46 46 46
07 |5 |Median ofl 19134 [07022 09238 |1.0306 17544  |0.9893  |0.4967
TMSE
Standard 0.08 0.05 0.06 0.06 0.12 0.09 0.04
Deviation
Active Set Size | 50 8 15.5 6 8 8 8
Median of
0.7 [10|1yiar 24281 |[1.5319 |1.5066 |2.5802 2.8661 |1.6802 |1.1579
Standard 0.07 0.06 0.05 0.13 0.14 0.08 0.08
Deviation
Active Set Size | 50 16 24 13 16 16 15
0.7 |25 %‘j[dslgn ofl 27236 |34204 24956 |5.4789 53446 |2.6762 |3.1084
Standard 0.09 0.17 0.09 0.32 0.25 0.14 0.16
Deviation
Active Set Size | 50 27 34.5 25 27 27 27
0.7 |50 %‘j[dslgn of 34368 |63575 |43326 |9.3805 87705 |4.4902 |7.1900
Standard 0.15 0.29 0.18 0.30 0.35 0.16 0.25
Deviation
Active Set Size | 50 44 47 40 44 44 44

In this study, independent training sets of 100 observations, validation sets of 100 observations and test sets
of 400 observations are formed for each simulation run. The standard deviation of the errors in Equation (1) is
taken ¢ = 3 asin 10. « = 0.5 is chosen in order to observe the level of difference between the ridge, LASSO and

ENET methods.

Various criteria are used to compare the performance of the models produced by the methods. Let X, the
covariance matrix of the explanatory variables and f3, the coefficients vector of the related penalized regression

method. The mean squared error on the test set
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TMSE = (8- B) =(8 - B)

is used to compare the performance of the models in the prediction. The standard deviations of the TMSE values
are also given. Finally, the active set sizes obtained based on each method are reported as an estimate of the number
of signals in the true model.

3. Findings and Discussion

The results of the S1 group simulation studies are summarized in Table 1. According to Table 1, when the
correlation level between variables is low and the sparsity level is high, the methods that can select variables give
a better TMSE value than ridge regression. As the sparsity level reduces, the performance of these methods
decreases compared to ridge regression. The ENET is the least affected method by the ridge-type penalty term and
is always better than ridge except when the sparsity level is zero. At fixed correlation values, the TMSE value of
all methods increases as the sparsity level reduces. When the correlation level is low, at least one post-LASSO
type method gave a superior TMSE value compared to the other methods. The post-LL is better than the other
methods when the sparsity level is high while the post-LR is better when it is low. The post-LO improved over the
ridge at high sparsity, however, is dominated by the ridge as the sparsity level is reduced. As the correlation level
increases, the sparsity level determines the performance of the post-LASSO methods. More precisely, in terms of
TMSE, the post-LASSO type methods are superior in sparse models, while in other cases the ENET is superior to
other methods.

In terms of active set size, A-LASSO always yielded the sparsest models. In most cases, the post-LASSO
type methods have the same sparsity level as the LASSO while the ENET produced the densest models.

The line plots of the TMSE values obtained with the ridge, LASSO, ENET, A-LASSO, Post-LO, Post-LO,
Post-LR and Post-LL penalized regression methods in the simulation studies in the S1 group are shown in Figure
1. The line plots support the inferences given in Table 1.
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Figure 1. Line plots of TMSE values of the methods in S1 group simulation studies.

The results obtained from the S2 group simulation studies are given in Table 2,3,4. According to Table 2,3 .4,
when the correlation level is low and the signal value is small, at least one post-LASSO type method dominates
the other methods in terms of TMSE. When the signal value is large, the A-LASSO method is more successful
than the other methods at both correlation levels. As the correlation level increases, the post-LASSO type methods
are superior in the case of a sparse model, while the ridge gives a better result when the model is dense. In sparse
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model cases where the signal value is not small, the post-LL is superior to the post-LR, while the post-LR

dominates the post-LL as the sparsity level decreases.

In terms of active set sizes, the models produced by the A-LASSO are sparser than those of the other methods.
The LASSO and post-LASSO type methods mostly produced models with the same sparsity level.

Table 2. Quality measures of methods for S2 group simulation studies (k = 1).

p Comparison | piqee  |LASSO |ENET |A-LASSO |Post-LO |Post-LR |Post-LL
Criterion
0.5 Median ofl 5747 |35612 |3.0367 |as8732 47599 |1.4948 [2.2906
TMSE
Standard 0.09 0.09 0.08 0.09 0.18 0.08 0.11
Deviation
Active Set Size | 50 29 35 22 29 29 29
Median of
0.5 TMSE 47383  |55140 |4.9097 |7.3843 6.7050 |4.1501 |4.9141
Standard 0.12 0.18 0.13 031 0.26 0.14 0.22
Deviation
Active Set Size | 50 39 43 34 39 39 39
0.5 Median of [ 112373 |s5.8086 |8.7083 |[3.4424 73974  |9.6831 |5.8456
TMSE
Standard 0.47 0.20 0.35 0.11 0.26 0.44 021
Deviation
Active Set Size | 50 41 49 27 41 41 41
0.7 Median of |1 8008 |2.9484 |23976 [4.2599 6.0278 |2.2575 |3.3732
TMSE
Standard 0.05 0.10 0.05 0.17 0.20 0.14 0.14
Deviation
Active Set Size | 50 29 35 20 29 29 29
0.7 %‘j[dslgn of | 36060 |4.8343 |3.9805 |[7.0343 7.0497 |3.8334 49598
Standard 0.09 0.15 0.15 0.29 0.55 0.19 0.21
Deviation
Active Set Size | 50 37 43 32 37 37 37
0.7 %‘j[dslgn of{ 113546 [57803 87258 |3.5676 72909 [9.6696 |5.7679
Standard 0.35 0.16 0.41 0.16 0.28 0.37 0.18
Deviation
Active Set Size | 50 40 48 27 40 40 40
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Table 3. Quality measures of methods for S2 group simulation studies (k = 4).

Comparison

o |a mp: Ridge |LASSO |ENET |A-LASSO |Post-LO |Post-LR |Post-LL
Criterion
0.5 |05 |Median ofl 15015 |1.8618 |[1.7361 |2.2162 2.6404 |0.8594 |0.9044
TMSE
Standard 0.07 0.05 0.04 0.08 0.18 0.07 0.09
Deviation
Active Set Size | 50 15 19 75 16 16 15
0.5 |1 |Median ofl33773  |3.0304 |28857 |3.3551 42139  [2.7540 |2.3923
TMSE
Standard 0.07 0.17 0.14 0.16 0.26 0.12 0.10
Deviation
Active Set Size | 50 24 32 17 24 24 24
0.5 |5 |Median oflg8303 [3.0302 67399 |13167 47968 |5.3831 |2.8519
TMSE
Standard 0.35 0.15 0.26 0.07 0.28 0.29 0.17
Deviation
Active Set Size | 50 25 46 12 25 25 25
0.7 |05 |Median ofl 12716 |17106 |1.5406 |2.0603 3.0647 |0.9003 [1.1739
TMSE
Standard 0.03 0.03 0.03 0.06 0.25 0.07 0.07
Deviation
Active Set Size | 50 16 22.5 11 16 16 16
07 |1 %‘j[dslgn of {27504 |27390 |2.6709 |3.5810 4.4794 |2.4284 |2.4504
Standard 0.08 0.07 0.08 0.11 0.26 0.08 0.13
Deviation
Active Set Size | 50 24 31.5 19 24 24 24
07 |5 |Median oflg4063 |3.0106 |67301 |1.3705 45300 |5.5549 [2.9878
TMSE
Standard 0.20 0.10 0.33 0.07 0.16 0.21 0.13
Deviation
Active Set Size | 50 26.5 45 12 26.5 26.5 25.5
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Table 4. Quality measures of methods for S2 group simulation studies (k = 9).

p |a [Comparison Hpigee  |LASSO |ENET |A-LASSO |PostLO |Post-LR |Post-LL
Criterion
0.5 |05 |Median of 00863 |1.0334 |1.0083 |1.1286 2.1345 04742  |0.5186
TMSE
Standard 0.03 0.06 0.05 0.04 0.20 0.06 0.08
Deviation
Active Set Size | 50 7 10.5 4 10 10 7
Median of
05 1 |Tyior 23335 |1.6554 |1.7667 |1.8022 3.086 1.8000 [1.3230
Standard 0.07 0.12 0.10 0.11 0.19 0.11 0.08
Deviation
Active Set Size | 50 16 22 11 16 16 16
0.5 |5 |Median ofl 73004 |1.6618 |48912 |0.6125 33622 |3.5476  |1.5437
TMSE
Standard 0.26 0.13 0.29 0.05 0.16 0.18 0.1
Deviation
Active Set Size | 50 17 42 6 17 17 17
0.7 |05 %‘j[dslgn ofl08695 |1.0740 |[1.0122 |1.1994 22889 |0.5482 |0.6073
Standard 0.02 0.05 0.04 0.02 0.2 0.06 0.06
Deviation
Active Set Size | 50 8 13 4 11 11 8
Median of
07 |1 |Tyisk 1.9657 |1.6302 |1.6825 |2.1701 2.7410  |1.6528 |1.4061
Standard 0.04 0.10 0.08 0.12 0.24 0.06 0.08
Deviation
Active Set Size | 50 15.5 225 11 15.5 15.5 15
07 |5 |Median of 68640 |1.6508 |4.6428 |0.6262 27658  |3.2971 [1.5978
TMSE
Standard 0.27 0.10 0.14 0.05 0.28 0.19 0.09
Deviation
Active Set Size | 50 16 40 6 16 16 16

The line plots of the TMSE values obtained with the ridge, LASSO, ENET, A-LASSO, Post-LO, Post-LR
and Post-LL in the S2 group simulation studies are given in Figures 2,3,4. The line plots are consistent with the
analysis results given in Table 2,3,4.
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Figure 3. Line plots of TMSE values of the methods in S1 group simulation studies (k = 4).
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Figure 4. Line plots of TMSE values of the methods in S1 group simulation studies (k = 9).
4. Conclusions

In this study, the effect of the properties of the true coefficient vector on the performance of classical penalized
regression methods and two-stage post-LASSO type methods is investigated. A detailed comparison of the ridge,
LASSO, ENET and A-LASSO classical penalized regression methods with the post-LASSO type penalized
regression methods, post-LO, post-LR, post-LR and post-LL are performed by considering the size and position
of the signals.

According to the results obtained from the comparison criterion, the estimator in the second stage of the post-
LASSO type methods is quite effective in the performance of these methods. In addition, the structure of the true
coefficient vector of the model is very effective in the performance of classical and post-LASSO type methods.
According to the active set sizes obtained by the post-LASSO type methods, the true coefficient vector and the
properties of the dataset have an impact on the success of post-LASSO type methods in variable selection. With
the simulation studies, the strengths and weaknesses of post-LASSO methods in terms of estimation and variable
selection in models with different structures in terms of sparsity and signal magnitude are revealed.
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