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This article object is to introduce new extension of the extended beta, Gauss 

hypergeometric, Appell hypergeometric and Lauricella hypergeometric functions. The 

new extension of the extended Riemann-Liouville, Caputo and Kober-Erdelyi fractional 

derivative and integral operators are also examined with their applications to generating 

functions by considering the extended hypergeometric functions. The Mellin of certain 

new extension of the extended fractional derivative and integral operators ware obtained. 

 

1. Introduction 

In 2020, Saif et al., [1] introduced the following modified Laplace transforms: 

 

     𝐿ℴ{𝑓(𝑡)} = 𝐹{𝑠, ℴ} = ∫ ℴ−𝑠𝑡𝑓(𝑡)𝑑𝑡,
∞

0
      (1) 

 

where 𝑅𝑒(𝑠) > 0, ℴ ∈ (0, ∞)\{1}. 

Another variety of modified Laplace transform in equation (1) with its applications was also discussed in [2-8]. 

Kulip et al., [9] proposed the following modified gamma and beta functions:      

     Γℷ1
(𝜃1; ℴ) = ∫ 𝑡𝜃1−1ℴ(−𝑡−

ℷ1
𝑡

)𝑑𝑡,
∞

0
      (2) 

 

where 𝑅𝑒(𝜃1) > 0, 𝑅𝑒(ℷ1) > 0, ℴ ∈ (0, ∞)\{1}. 

And  

    𝐵ℷ1
(𝜃1, 𝜃2; ℴ) = ∫ 𝑡𝜃1−1(1 − 𝑡)𝜃2−1ℴ

(−
ℷ1

𝑡(1−𝑡)
)
𝑑𝑡,

1

0
    

     

where 𝑅𝑒(𝜃1) > 0, 𝑅𝑒(𝜃2) > 0, 𝑅𝑒(ℷ1) > 0, ℴ ∈ (0, ∞)\{1}. 

Barahmah [10] established the following modified extended beta function:    

    𝐵ℷ1,ℷ2
(𝜃1, 𝜃2; ℴ) = ∫ 𝑡𝜃1−1(1 − 𝑡)𝜃2−1ℴ

(−
ℷ1
𝑡

−
ℷ2

(1−𝑡)
)
𝑑𝑡,

1

0
     

 

where 𝑅𝑒(𝜃1) > 0, 𝑅𝑒(𝜃2) > 0, 𝑅𝑒(ℷ1) > 0, 𝑅𝑒(ℷ2) > 0, ℴ ∈ (0, ∞)\{1}. 

 

Inspired by the work of Cetinkaya et al., [11] the modified extended Riemann-Liouville, Caputo and Kober-

Erdelyi fractional derivative and integral operators will be introduce and investigate via the following modified 

extended beta and hypergeometric functions: 
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Definition 1: The modified extended beta function is  

     𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃1, 𝜃2; ℴ) = ∫ 𝑡𝜃1−1(1 − 𝑡)𝜃2−1ℴ
(−

ℷ1
𝑡𝜚1

−
ℷ2

(1−𝑡)𝜚2
)
𝑑𝑡,

1

0
           (3) 

 

where 𝑅𝑒(𝜃1) > 0, 𝑅𝑒(𝜃2) > 0, 𝑅𝑒(ℷ1) > 0, 𝑅𝑒(ℷ2) > 0, 𝑅𝑒(𝜚1) > 0, 𝑅𝑒(𝜚2) > 0, ℴ ∈ (0, ∞)\{1}. 

 

Throughout this work 𝜌1 𝑎𝑛𝑑 𝜌2 arbitrary parameters, ℕ and ℂ represent sets of natural and complex numbers, 

respectively.  

 

Definition 2: The modified extended Gauss hypergeometric function is defined by 

   𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃1, 𝜃2, 𝜃3; 𝑥; ℴ; 𝜌1, 𝜌2) = ∑
(𝜃1)𝜗1

(𝜃2)𝜗1

(𝜃3)𝜗1

∞
𝜗1=0

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃2+𝜗1−𝜌1,𝜃3−𝜃2+𝜌2;ℴ)

𝐵(𝜃2+𝜗1−𝜌1𝜃3−𝜃2+𝜌2)

𝑥𝜗1

𝜗1
,                (4) 

where |𝑥| < 1.  

 

Definition 3: The modified extended Appell hypergeometric function are given as 

   𝐹1;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃2, 𝜃3; 𝜃3; 𝑥, 𝑦; ℴ; 𝜌1, 𝜌2)  

   = ∑
(𝜃1)𝜗1+𝜗2

(𝜃2)𝜗1
(𝜃3)𝜗2

(𝜃3)𝜗1+𝜗2

∞
𝜗1,𝜗2=0

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃1+𝜗1+𝜗2−𝜌1,𝜃4−𝜃1+𝜌2;ℴ)

𝐵(𝜃1+𝜗1+𝜗2−𝜌1,𝜃4−𝜃1+𝜌2)

𝑥𝜗1

𝜗1

𝑦𝜗2

𝜗2
,                          (5) 

Where |𝑥| < 1, |𝑦| < 1.  

And  

       𝐹2;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃2, 𝜃3, 𝜃4; 𝜃5; 𝑥, 𝑦; ℴ; 𝜌1, 𝜌2) = ∑
(𝜃1)𝜗1+𝜗2

(𝜃2)𝜗1
(𝜃3)𝜗2

(𝜃4)𝜗1
(𝜃5)𝜗2

∞
𝜗1,𝜗3=0  

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃2+𝜗1−𝜌1𝜃3−𝜃2+𝜌2;ℴ)

𝐵(𝜃2+𝜗1−𝜌1𝜃3−𝜃2+𝜌2)
  

        ×
𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃3+𝜗1−𝜌1𝜃5−𝜃3+𝜌2;ℴ)

𝐵(𝜃3+𝜗1+𝜌1𝜃5−𝜃3+𝜌2)

𝑥𝜗1

𝜗1
 
𝑦𝜗2

𝜗3
 ,     (6) 

Where |𝑥| + |𝑦| < 1.  

 

Definition 4: The modified extended Laurecilla hypergeometric function is   

                𝐹𝐷;ℷ1,ℷ2

3;𝜚1,𝜚2(𝜃1, 𝜃2, 𝜃3, 𝜃4; 𝜃5; 𝑥, 𝑦; ℴ; 𝜌1, 𝜌2) = ∑
(𝜃1)𝜗1+𝜗2+𝜗3

(𝜃2)𝜗1
(𝜃5)𝜗2

(𝜃5)𝜗3

(𝜃5)𝜗1+𝜗2+𝜗3

∞
𝜗1,𝜗2 ,𝜗3=0   

       ×
𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃1+𝜗1+𝜗2+𝜗3−𝜌1,𝜃5−𝜃1+𝜌2)

𝐵(𝜃1+𝜗1+𝜗2+𝜗3−𝜌1,𝜃4−𝜃1+𝜌2)

𝑥𝜗1

𝜗1

𝑦𝜗2

𝜗2

𝑧𝜗3

𝜗3
,        (7) 

 

Definition 5: The modified extended Riemann-Liouville fractional derivative is expressed by  

   𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑓(𝑧); ℴ} = {

1

Γ(−ϱ)
∫ (𝑧 − 𝑡)−𝜚−1𝑓(𝑡)

𝑧

0
ℴ

(−ℷ1[
𝑧

𝑡
]

𝜚1
−ℷ2[

𝑧

𝑧−𝑡
]

𝜚2
)
𝑑𝑡,   for  𝑅𝑒(𝜚) < 0,

𝑑ℸ

𝑑𝑥ℸ {𝐷𝑧;ℷ1,ℷ2

𝜚−ℸ;𝜚1,𝜚2{𝑓(𝑧); ℴ}} ,                          for   ℸ − 1 < 𝑅𝑒(𝜚) < ℸ, ℸ ∈ 𝑁.

       (8) 

 

Definition 6: The modified extended Caputo fractional derivative is expressed by  

  𝒟𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑓(𝑧); ℴ} = 𝐷𝑧;ℷ1,ℷ2

𝜚−ℸ;𝜚1,𝜚2{𝑓ℸ(𝑧); ℴ}  

        =
1

Γ(ℸ−ϱ)
∫ (𝑧 − 𝑡)ℸ−𝜚−1𝑓ℸ(𝑡)

𝑧

0
ℴ

(−ℷ1[
𝑧

𝑡
]

𝜚1
−ℷ2[

𝑧

𝑧−𝑡
]

𝜚2
)
𝑑𝑡,    (9) 

where ℸ − 1 < 𝑅𝑒(𝜚) < ℸ. 

 

Definition 7: The modified extended Kober-Erdelyi fractional integral is     

  𝐼𝑧;ℷ;ℷ1,ℷ2

𝜚;𝜚1,𝜚2 {𝑓(𝑧); ℴ}=𝑧−𝜚−ℷ𝐷𝑧;ℷ1,ℷ2

−𝜚;𝜚1,𝜚2{𝑧ℷ𝑓(𝑧); ℴ} 

     =
𝑧−𝜚−ℷ

Γ(ϱ)
∫ (𝑧 − 𝑡)−𝜚−1𝑡ℷ𝑓(𝑡)

𝑧

0
ℴ

(−ℷ1[
𝑧

𝑡
]

𝜚1
−ℷ2[

𝑧

𝑧−𝑡
]

𝜚2
)
𝑑𝑡,      (10) 

where 𝑅𝑒(𝜚) > 0, ℷ ∈ ℂ. 
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2. Fractional Derivative and Integral Formulas 

Theorem 1: Let 𝑅𝑒(𝜚) < 0 and 𝑅𝑒(𝜃) > −1, then   

    𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑧𝜃; ℴ} =
Γ(𝜃+1)

Γ(𝜃−𝜚+1)

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃+1,−𝜚;ℴ)

𝐵(𝜃+1,−𝜚)
𝑧𝜃−𝜚 .        (11) 

 

Proof Using 𝑅𝑒(𝜚) < 0 and 𝑅𝑒(𝜃) > −1, leads to 

   𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑧𝜃; ℴ} =
1

Γ(−ϱ)
∫ 𝑡𝜃(𝑧 − 𝑡)−𝜚−1𝑧

0
ℴ

(−ℷ1[
𝑧

𝑡
]

𝜚1
−ℷ2[

𝑧

𝑧−𝑡
]

𝜚2
)
𝑑𝑡. 

Setting 𝑡 = 𝜓𝑧, gives 

    𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑧𝜃; ℴ} =
𝑧𝜃−𝜚

Γ(−ϱ)
∫ 𝜓𝜃+1−1(1 − 𝜓)−𝜚−11

0
ℴ

(−
ℷ1

𝜓𝜚1
−

ℷ2
(1−𝜓)𝜚2)

𝑑𝜓.  

Applying equation (3), yields  

    𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑧𝜃; ℴ} =
𝑧𝜃−𝜚

Γ(−ϱ)
𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃 + 1, −𝜚; ℴ). 

On simplifying, one can obtain 

    𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑧𝜃; ℴ} =
Γ(𝜃+1)

Γ(𝜃−𝜚+1)

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃+1,−𝜚;ℴ)

𝐵(𝜃+1,−𝜚)
𝑧𝜃−𝜚 .  

    

Corollary 2: For ℸ − 1 < 𝑅𝑒(𝜚) < ℸ and 𝑅𝑒(𝜃) > −1, then 

    𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑧𝜃; ℴ} =
Γ(𝜃+1)

Γ(𝜃−𝜚+1)

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃+1,ℸ−𝜚;ℴ)

𝐵(𝜃+1,ℸ−𝜚)
𝑧𝜃−𝜚.       (12) 

 

Corollary 3: For ℸ − 1 < 𝑅𝑒(𝜚) < ℸ and 𝑅𝑒(𝜃) > ℸ − 1, then 

    𝒟𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑧𝜃; ℴ} =
Γ(𝜃+1)

Γ(𝜃−𝜚+1)

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃−ℸ+1,ℸ−𝜚;ℴ)

𝐵(𝜃−ℸ+1,ℸ−𝜚)
𝑧𝜃−𝜚.       (13) 

 

Corollary 4: Let 𝑅𝑒(𝜚) > 0 and 𝑅𝑒(𝜃) > 𝑅𝑒(𝜚 + ℷ), then  

    𝐼𝑧;ℷ;ℷ1,ℷ2

𝜚;𝜚1,𝜚2 {𝑧𝜃; ℴ} =
Γ(𝜃+ℷ+1)

Γ(𝜃+ℷ+𝜚+1)

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃+ℷ+1,𝜚;ℴ)

𝐵(𝜃+ℷ+1,𝜚)
𝑧𝜃.         (14) 

 

Theorem 5: For analytic function 𝑓(𝑧) at the origin with its Maclaurin expansion expressed by 𝑓(𝑧) =

∑ 𝑎𝜗1
𝑧𝜗1∞

𝜗1
 with |𝑧| < ℘, then 

 

    𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑓(𝑧); ℴ} = ∑ 𝑎𝜗1

∞
𝜗1

𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑧𝑛; ℴ}. 

    𝒟𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑓(𝑧); ℴ} = ∑ 𝑎𝜗1

∞
𝜗1

𝒟𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑧𝑛; ℴ},  for ℸ − 1 < 𝑅𝑒(𝜚) < ℸ. 

And  

    𝐼𝑧;ℷ;ℷ1,ℷ2

𝜚;𝜚1,𝜚2 {𝑓(𝑧); ℴ} = ∑ 𝑎𝜗1

∞
𝜗1

𝐼𝑧;ℷ;ℷ1,ℷ2

𝜚;𝜚1,𝜚2 {𝑧𝑛; ℴ},         for 𝑅𝑒(𝜚) < 0. 

 

Proof Considering equations (8), (9), (10), and the fact that term-by-term integration is guaranteed the results 

follow.  

 

Theorem 6: Suppose 0 < 𝑅𝑒(𝜃) < 𝑅𝑒(𝜚), and|𝛿1𝑧| < 1, then 

   𝐷𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃−1(1 − 𝛿1𝑧)−𝜃1; ℴ} =
Γ(𝜃)

Γ(𝜚)
𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃1, 𝜚, 𝜃; 𝛿1𝑧; ℴ; 0,0)𝑧𝜚−1. 

 

Proof Using (1 − 𝛿1𝑧)−𝜃1 = ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1=0 (𝛿1𝑧)𝜗1 , gives 
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   𝐷𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃−1(1 − 𝑣𝑧)−𝜃1; ℴ} = ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1=0 𝐷𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃+𝜗1−1; ℴ}. 

 

Applying equation (11), yields 

 𝐷𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃−1(1 − 𝛿1𝑧)−𝜃1; ℴ} =
Γ(𝜃)

Γ(𝜚)
𝑧𝜚−1 ∑

(𝜃1)𝜗1
(𝜃)𝜗1

(𝜚)𝜗1

∞
𝜗1=0

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃+𝜗1,𝜃−𝜚;ℴ)

𝐵(𝜃+𝜗1,𝜃−𝜚)

(𝛿1𝑧)𝜗1

𝜗1
. 

 

This can be rewriting as  

  𝐷𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃−1(1 − 𝛿1𝑧)−𝜃1; ℴ} =
Γ(𝜃)

Γ(𝜚)
𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃1, 𝜚, 𝜃; 𝛿1𝑧; ℴ; 0,0)𝑧𝜚−1. 

 

Corollary 7: For ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) < ℸ and 𝑅𝑒(𝜃) > 0, then 

 

 𝐷𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃−1(1 − 𝛿1𝑧)𝜃1; ℴ} =
Γ(𝜃)

Γ(𝜚)
𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃1, 𝜚, 𝜃; 𝛿1𝑧; ℴ; 0, ℸ)𝑧𝜚−1. 

 

Corollary 8: For ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) < ℸ and 𝑅𝑒(𝜃) > 0, then 

 

  𝒟𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃−1(1 − 𝛿1𝑧)−𝜃1; ℴ} =
Γ(𝜃)

Γ(𝜚)
𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃1, 𝜚; 𝜃; 𝛿1𝑧; ℴ; ℸ, ℸ)𝑧𝜚−1. 

 

Corollary 9: For 𝑅𝑒(𝜃 − 𝜚) > 0 and 𝑅𝑒(𝜃 + ℷ) > 0, then 

 

 𝐼𝑧;ℷ;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃−1(1 − 𝛿1𝑧)−𝜃1; ℴ} =
Γ(𝜃+ℷ)

Γ(2𝜃+ℷ−𝜚)
𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃1, 𝜃 + ℷ; 2𝜃 + ℷ − 𝜚; 𝛿1𝑧; ℴ; 0,0)𝑧𝜃−1. 

 

Theorem 10: Suppose 0 < 𝑅𝑒(𝜃) < 𝑅𝑒(𝜚), |𝛿1𝑧| < 1, and |𝛿2𝑧| < 1,  then 

 

 𝐷𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃−1(1 − 𝛿1𝑧)−𝜃1(1 − 𝛿2𝑧)−𝜃2; ℴ} =
Γ(𝜃)

Γ(𝜚)
𝐹1;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃, 𝜃1, 𝜃2; 𝜚; 𝛿1𝑧, 𝛿2𝑧; ℴ; 0,0)𝑧𝜚−1. 

 

Corollary 11: For ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) < ℸ, 𝑅𝑒(𝜃) > 0, |𝛿1𝑧| < 1, and |𝛿2𝑧| < 1, then 

 

 𝐷𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃−1(1 − 𝛿1𝑧)𝜃1(1 − 𝛿2𝑧)−𝜃2; ℴ} =
Γ(𝜃)

Γ(𝜚)
𝐹1;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃, 𝜃1, 𝜃2; 𝜚; 𝛿1𝑧, 𝛿2𝑧; ℴ; 0, ℸ)𝑧𝜚−1. 

 

Corollary 12: For ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) < ℸ, 𝑅𝑒(𝜃) > 0, |𝛿1𝑧| < 1, and |𝛿2𝑧| < 1, then 

 

 𝒟𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃−1(1 − 𝛿1𝑧)−𝜃1(1 − 𝛿2𝑧)−𝜃2; ℴ} =
Γ(𝜃)

Γ(𝜚)
𝐹1;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃, 𝜃1, 𝜃2; 𝜚; 𝛿1𝑧, 𝛿2𝑧; ℴ; ℸ, ℸ)𝑧𝜚−1. 

 

Corollary 13: For 𝑅𝑒(𝜃 − 𝜚) > 0, 𝑅𝑒(𝜃 + ℷ) > 0, |𝛿1𝑧| < 1, and |𝛿2𝑧| < 1, then 

 

 𝐼𝑧;ℷ;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃−1(1 − 𝛿1𝑧)−𝜃1(1 − 𝛿2𝑧)−𝜃2; ℴ}  

   =
Γ(𝜃+ℷ)

Γ(2𝜃+ℷ−𝜚)
𝐹1;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃 + ℷ, 𝜃1, 𝜃1; 2𝜃 + ℷ − 𝜚; 𝛿1𝑧, 𝛿2𝑧; ℴ; 0,0)𝑧𝜃−1.   

 

Theorem 14: Suppose 0 < 𝑅𝑒(𝜃) < 𝑅𝑒(𝜚), |𝛿1𝑧| < 1, |𝛿1𝑧| < 1, |𝛿2𝑧| < 1, and |𝛿3𝑧| < 1, then 

 𝐷𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃−1(1 − 𝛿1𝑧)−𝜃1(1 − 𝛿2𝑧)−𝜃2(1 − 𝛿3𝑧)−𝜃3; ℴ}  

    =
Γ(𝜃)

Γ(𝜚)
𝐹𝐷;ℷ1,ℷ2

3;𝜚1,𝜚2(𝜃, 𝜃1, 𝜃2, 𝜃2; 𝜚; 𝛿1𝑧, 𝛿2𝑧, 𝛿2𝑧; ℴ; 0,0)𝑧𝜚−1.  
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Corollary 15: For ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) < ℸ, 𝑅𝑒(𝜃) > 0, |𝛿1𝑧| < 1, |𝛿2𝑧| < 1, and |𝛿3𝑧| < 1, then 

 

 𝐷𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃−1(1 − 𝛿1𝑧)𝜃1(1 − 𝛿2𝑧)−𝜃2(1 − 𝛿3𝑧)−𝜃3; ℴ} 

     =
Γ(𝜃)

Γ(𝜚)
𝐹𝐷;ℷ1,ℷ2

3;𝜚1,𝜚2(𝜃, 𝜃1, 𝜃2, 𝜃2; 𝜚; 𝛿1𝑧, 𝛿2𝑧, 𝛿2𝑧; ℴ; 0, ℸ)𝑧𝜚−1. 

 

Corollary 16: For ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) < ℸ, 𝑅𝑒(𝜃) > 0, |𝛿1𝑧| < 1, |𝛿2𝑧| < 1, and |𝛿3𝑧| < 1, then 

 

 𝒟𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃−1(1 − 𝛿1𝑧)−𝜃1(1 − 𝛿2𝑧)−𝜃2(1 − 𝛿3𝑧)−𝜃3; ℴ}  

    =
Γ(𝜃)

Γ(𝜚)
𝐹𝐷;ℷ1,ℷ2

3;𝜚1,𝜚2(𝜃, 𝜃1, 𝜃2, 𝜃2; 𝜚; 𝛿1𝑧, 𝛿2𝑧, 𝛿2𝑧; ℴ; ℸ, ℸ)𝑧𝜚−1. 

 

Corollary 17: For 𝑅𝑒(𝜃 − 𝜚) > 0, 𝑅𝑒(𝜃 + ℷ) > 0, |𝛿1𝑧| < 1, |𝛿2𝑧| < 1, and |𝛿3𝑧| < 1, then 

 

 𝐼𝑧;ℷ;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2{𝑧𝜃−1(1 − 𝛿1𝑧)−𝜃1(1 − 𝛿2𝑧)−𝜃2(1 − 𝛿3𝑧)−𝜃3; ℴ} 

   =
Γ(𝜃+ℷ)

Γ(2𝜃+ℷ−𝜚)
𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃 + ℷ, 𝜃1, 𝜃2, 𝜃3; 2𝜃 + ℷ − 𝜚; 𝛿1𝑧, 𝛿2𝑧, 𝛿3𝑧; ℴ; 0,0)𝑧𝜃−1. 

 

Theorem 18: Suppose 0 < 𝑅𝑒(𝜃) < 𝑅𝑒(𝜚), |𝑦| + |𝛿1𝑧| < 1 and|𝛿1𝑧| < 1, then 

 

  𝐷𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2 {𝑧𝜃−1(1 − 𝛿1𝑧)−𝜃1𝐹ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃2, 𝜃3;
𝑥

1−𝛿1𝑧
; ℴ; 0,0) ; ℴ}  

      =
Γ(𝜃)

Γ(𝜚)
𝐹2;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃2, 𝜃; 𝜃3, 𝜚; 𝑦, 𝛿1𝑧; ℴ; 0,0)𝑧𝜚−1. 

Corollary 19: For ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) < ℸ, |𝑦| + |𝛿1𝑧| < 1, and 𝑅𝑒(𝜃) > 0, then 

 

  𝐷𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2 {𝑧𝜃−1(1 − 𝛿1𝑧)𝜃1𝐹ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃2, 𝜃3;
𝑥

1−𝛿1𝑧
; ℴ; 0, ℸ) ; ℴ} 

      =
Γ(𝜃)

Γ(𝜚)
𝐹2;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃2, 𝜃; 𝜃3, 𝜚; 𝑦, 𝛿1𝑧; ℴ; 0, ℸ)𝑧𝜚−1. 

 

Corollary 20: For ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) < ℸ, |𝑦| + |𝛿1𝑧| < 1, and 𝑅𝑒(𝜃) > 0, then 

 

 𝒟𝑧;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2 {𝑧𝜃−1(1 − 𝛿1𝑧)−𝜃1𝐹ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃2, 𝜃3;
𝑥

1−𝛿1𝑧
; ℴ; ℸ, ℸ) ; ℴ} 

    =
Γ(𝜃)

Γ(𝜚)
𝐹2;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃2, 𝜃; 𝜃3, 𝜚; 𝑦, 𝛿1𝑧; ℴ; ℸ, ℸ)𝑧𝜚−1. 𝑧𝜚−1. 

 

Corollary 21: For |𝑦| + |𝛿1𝑧| < 1, 𝑅𝑒(𝜃 − 𝜚) > 0, and 𝑅𝑒(𝜃 + ℷ) > 0, then 

 

 𝐼𝑧;ℷ;ℷ1,ℷ2

𝜃−𝜚;𝜚1,𝜚2 {𝑧𝜃−1(1 − 𝛿1𝑧)−𝜃1𝐹ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃2, 𝜃3;
𝑥

1−𝛿1𝑧
; ℴ; 0,0) ; ℴ} 

    =
Γ(𝜃+ℷ)

Γ(2𝜃+ℷ−𝜚)
𝐹2;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃2, 𝜃 + ℷ; 𝜃3, 2𝜃 + ℷ − 𝜚; 𝑦, 𝛿1𝑧; ℴ; 0,0)𝑧𝜃−1. 
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3. The Mellin Transforms  

Theorem 22: Let 𝑅𝑒(𝑠) > 0, 𝑅𝑒(𝑟) > 0, 𝑅𝑒(𝜃 + 𝑠𝜚1) > −1, 𝑅𝑒(−𝜚 + 𝑟𝜚2) > 0, 𝑅𝑒(𝜚) < 0 and 𝑅𝑒(𝜃) > −1, 

then             

            ℳ{𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑧𝜃; ℴ}; ℷ1 → 𝑠, ℷ2 → 𝑟} =
Γ(𝜃+1)Γ(𝑠;ℴ)Γ(𝑟;ℴ)

Γ(𝜃−𝜚+1)

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃+𝑠𝜚1+1,−𝜚+𝑟𝜚2;ℴ)

𝐵(𝜃+1,−𝜚)
𝑧𝜃−𝜚 .     

  

Proof In view of equations (3) and (11), one can obtain 

 

  ℳ{𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑧𝜃; ℴ}; ℷ1 → 𝑠, ℷ2 → 𝑟}  

   =
Γ(𝜃+1)𝑧𝜃−𝜚

Γ(𝜃−𝜚+1)𝐵(𝜃+1,−𝜚)
∫ 𝑡𝜃(1 − 𝑡)−𝜚−1 {∫ ℷ1

𝑠−1ℴ(−
ℷ1

𝑡𝜚1
)𝑑ℷ1

∞

0
}

1

0
{∫ ℷ2

𝑟−1ℴ(−
ℷ2

𝑡𝜚2)𝑑ℷ2
∞

0
} 𝑑𝑡. 

 

On setting 𝜓 =
ℷ1

𝑡𝜚1
 and 𝜒 =

ℷ2

𝑡𝜚2
, yields  

 

    ℳ{𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑧𝜃; ℴ}; ℷ1 → 𝑠, ℷ2 → 𝑟}  

  =
Γ(𝜃+1)𝑧𝜃−𝜚

Γ(𝜃−𝜚+1)𝐵(𝜃+1,−𝜚)
∫ 𝑡𝜃+𝑠𝜚1(1 − 𝑡)−𝜚+𝑟𝜚2−1{∫ 𝜓𝑠−1ℴ(−𝜓)𝑑𝜓

∞

0
}

1

0
{∫ 𝜛𝑟−1ℴ(−𝜛)𝑑𝜛

∞

0
}𝑑𝑡.  

 

Applying equation (2), gives 

  ℳ{𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑧𝜃; ℴ}; ℷ1 → 𝑠, ℷ2 → 𝑟} =
Γ(𝜃+1)Γ(𝑠;ℴ)Γ(𝑟;ℴ)

Γ(𝜃−𝜚+1)

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃+𝑠𝜚1+1,−𝜚+𝑟𝜚2;ℴ)

𝐵(𝜃+1,−𝜚)
𝑧𝜃−𝜚 .  

 

The following Corollaries also follow from equations (12), (13), and (14). 

 

Corollary 23: For ℸ − 1 < 𝑅𝑒(𝜚) < ℸ and 𝑅𝑒(𝜃) > −1, then 

  ℳ{𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑧𝜃; ℴ}; ℷ1 → 𝑠, ℷ2 → 𝑟} =
Γ(𝜃+1)Γ(𝑠;ℴ)Γ(𝑟;ℴ)

Γ(𝜃−𝜚+1)

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃+𝑠𝜚1+1,ℸ−𝜚+𝑟𝜚2;ℴ)

𝐵(𝜃+1,ℸ−𝜚)
𝑧𝜃−𝜚.   

 

Corollary 24: For ℸ − 1 < 𝑅𝑒(𝜚) < ℸ and 𝑅𝑒(𝜃) > ℸ − 1, then 

  ℳ{𝒟𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{𝑧𝜃; ℴ}; ℷ1 → 𝑠, ℷ2 → 𝑟} =
Γ(𝜃+1)Γ(𝑠;ℴ)Γ(𝑟;ℴ)

Γ(𝜃−𝜚+1)

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃+𝑠𝜚1−ℸ+1,ℸ−𝜚+𝑟𝜚2;ℴ)

𝐵(𝜃−ℸ+1,ℸ−𝜚)
𝑧𝜃−𝜚.  

 

Corollary 25: Let 𝑅𝑒(𝜚) > 0 and 𝑅𝑒(𝜃) > 𝑅𝑒(𝜚 + ℷ), then  

  ℳ{𝐼𝑧;ℷ;ℷ;ℷ1,ℷ2

𝜚;𝜚1,𝜚2 {𝑧𝜃; ℴ}; ℷ1 → 𝑠, ℷ2 → 𝑟} =
Γ(𝜃+ℷ+1)Γ(𝑠;ℴ)Γ(𝑟;ℴ)

Γ(𝜃+ℷ+𝜚+1)

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃+ℷ+𝑠𝜚1+1,𝜚+𝑟𝜚2;ℴ)

𝐵(𝜃+ℷ+1,𝜚)
𝑧𝜃.   

 

Theorem 26: Let 𝑅𝑒(𝑠) > 0, 𝑅𝑒(𝑟) > 0, and |𝑧| < 1. 

 

  ℳ{𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{(1 − 𝑧)−𝜃1; ℴ}; ℷ1 → 𝑠, ℷ2 → 𝑟}  

    =
Γ(𝑠;ℴ)Γ(𝑟;ℴ)

Γ(−𝜚)
𝑧−𝜚 ∑ (𝜃1)𝜗1

∞
𝜗1

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜗1 + 𝑠𝜚1 + 1, −𝜚 + 𝑟𝜚2; ℴ)
𝑧𝜗1

𝜗1
. 

 

Corollary 27: Let 𝑅𝑒(𝑠) > 0, 𝑅𝑒(𝑟) > 0, and |𝑧| < 1. 

 

 ℳ{𝐷𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{(1 − 𝑧)−𝜃1; ℴ}; ℷ1 → 𝑠, ℷ2 → 𝑟}  

  =
Γ(𝑠;ℴ)Γ(𝑟;ℴ)Γ(ℸ−𝜚+1)

Γ(ℸ−𝜚)Γ(−𝜚+1)
𝑧−𝜚 ∑

(𝜃1)𝜗1
(ℸ−𝜚+1)𝜗1

(−𝜚+1)𝜗1

∞
𝜗1

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜗1 + 𝑠𝜚1 + 1, ℸ − 𝜚 + 𝑟𝜚2; ℴ)
𝑧𝜗1

𝜗1
. 
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Corollary 28: Let 𝑅𝑒(𝑠) > 0, 𝑅𝑒(𝑟) > 0, and |𝑧| < 1. 

 

 ℳ{𝒟𝑧;ℷ1,ℷ2

𝜚;𝜚1,𝜚2{(1 − 𝑧)−𝜃1; ℴ}; ℷ1 → 𝑠, ℷ2 → 𝑟}  

   =
Γ(𝑠;ℴ)Γ(𝑟;ℴ)Γ(ℸ−𝜚+1)

Γ(ℸ−𝜚)Γ(−ℸ+1)
𝑧−𝜚 ∑

(𝜃1)𝜗1

(−ℸ+1)𝜗1

∞
𝜗1

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜗1 + 𝑠𝜚1 − ℸ + 1, ℸ − 𝜚 + 𝑟𝜚2; ℴ)𝑧𝜗1 . 

 

Corollary 29: Let 𝑅𝑒(𝑠) > 0, 𝑅𝑒(𝑟) > 0, and |𝑧| < 1. 

 

  ℳ{𝐼𝑧;ℷ;ℷ1,ℷ2

𝜚;𝜚1,𝜚2 {(1 − 𝑧)−𝜃1; ℴ}; ℷ1 → 𝑠, ℷ2 → 𝑟}   

    =
Γ(𝑠;ℴ)Γ(𝑟;ℴ)

Γ(𝜚)
∑ (𝜃1)𝜗1

∞
𝜗1

𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜗1 + ℷ + 𝑠𝜚1 + 1, 𝜗1 + 𝑟𝜚2; ℴ)
𝑧𝜗1

𝜗1
. 

 

4. Generating Functions  

 

This section consists of application of the modified extended fractional derivative and integral to generating 

functions, the detail proofs is omitted and is similar to those in [11-17]. 

Theorem 30: Let |𝑧| < min{1, |1 − 𝑡|}, |𝑡| < |1 − 𝑡|, and 0 < 𝑅𝑒(𝜃) < 𝑅𝑒(𝜚), then  

 

   ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃1 + 𝜗1, 𝜃; 𝜚; 𝑧; ℴ; 0,0)𝑡𝜗1 = (1 − 𝑡)−𝜃1𝐹ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃; 𝜚;
𝑧

1−𝑡
; ℴ; 0,0).  

 

Corollary 31: Let |𝑧| < min{1, |1 − 𝑡|}, |𝑡| < |1 − 𝑡|, ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) < ℸ, 𝑅𝑒(𝜃) > 0, then  

 

  ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃1 + 𝜗1, 𝜃; 𝜚; 𝑧; ℴ; 0, ℸ)𝑡𝜗1 = (1 − 𝑡)−𝜃1𝐹ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃; 𝜚;
𝑧

1−𝑡
; ℴ; 0, ℸ).  

 

Corollary 32: Let |𝑧| < min{1, |1 − 𝑡|}, |𝑡| < |1 − 𝑡|,  ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) < ℸ, 𝑅𝑒(𝜃) > 0, then 

 

  ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃1 + 𝜗1, 𝜃; 𝜚; 𝑧; ℴ; ℸ, ℸ)𝑡𝜗1 = (1 − 𝑡)−𝜃1𝐹ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃; 𝜚;
𝑧

1−𝑡
; ℴ; ℸ, ℸ). 

 

Corollary 33: Let |𝑧| < min{1, |1 − 𝑡|}, |𝑡| < |1 − 𝑡|, 𝑅𝑒(𝜃 − 𝜚) > 0, and 𝑅𝑒(𝜃 + ℷ) > 0, then 

 

  ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃1 + 𝜗1, 𝜃 + ℷ; 2𝜃 + ℷ − 𝜚; 𝑧; ℴ; 0,0)𝑡𝜗1  

      = (1 − 𝑡)−𝜃1𝐹ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃 + ℷ; 2𝜃 + ℷ − 𝜚;
𝑧

1−𝑡
; ℴ; 0,0).  

 

Theorem 34: Let |𝑧| < min{1, |𝑡−1 − 1|}, |𝑡| < |1 − 𝑧|−1, and 0 < 𝑅𝑒(𝜃) < 𝑅𝑒(𝜚), then  

 

   ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃3 − 𝜗1, 𝜃; 𝜚; 𝑧; ℴ; 0,0)𝑡𝜗1 = (1 − 𝑡)−𝜃1𝐹1;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃, 𝜃1, 𝜃3; 𝜚;
−𝑡𝑧

1−𝑡
, 𝑧; ℴ; 0,0).  

 

Corollary 35: Let |𝑧| < min{1, |𝑡−1 − 1|}, |𝑡| < |1 − 𝑧|−1, ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) < ℸ, 𝑅𝑒(𝜃) > 0, then  

 

  ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃3 − 𝜗1, 𝜃; 𝜚; 𝑧; ℴ; 0, ℸ)𝑡𝜗1 = (1 − 𝑡)−𝜃1𝐹1;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃, 𝜃1, 𝜃3; 𝜚;
−𝑡𝑧

1−𝑡
, 𝑧; ℴ; 0, ℸ).  

 

Corollary 36: Let |𝑧| < min{1, |𝑡−1 − 1|}, |𝑡| < |1 − 𝑧|−1,  ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) < ℸ, 𝑅𝑒(𝜃) > 0, then 
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  ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃3 − 𝜗1, 𝜃; 𝜚; 𝑧; ℴ; ℸ, ℸ)𝑡𝜗1 = (1 − 𝑡)−𝜃1𝐹1;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃, 𝜃1, 𝜃3; 𝜚;
−𝑡𝑧

1−𝑡
, 𝑧; ℴ; ℸ, ℸ). 

 

Corollary 37: Let |𝑧| < min{1, |𝑡−1 − 1|}, |𝑡| < |1 − 𝑧|−1, 𝑅𝑒(𝜃 − 𝜚) > 0, and 𝑅𝑒(𝜃 + ℷ) > 0, then 

 

  ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃3 − 𝜗1, 𝜃 + ℷ; 2𝜃 + ℷ − 𝜚; 𝑧; ℴ; 0,0)𝑡𝜗1  

      = (1 − 𝑡)−𝜃1𝐹ℷ1,ℷ2

𝜚1,𝜚2 (𝜃 + ℷ, 𝜃1, 𝜃3; 2𝜃 + ℷ − 𝜚;
−𝑡𝑧

1−𝑡
, 𝑧; ℴ; 0,0).  

 

Theorem 38: Suppose |𝑧| < 1, |(1 − 𝑦)𝑡| < |1 − 𝑧|, |𝑧| + |𝑦𝑡| < |1 − 𝑡|, 0 < 𝑅𝑒(𝜃) < 𝑅𝑒(𝜚), and 0 <

𝑅𝑒(𝜃3) < 𝑅𝑒(𝜃3), then  

 

   ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃1 + 𝜗1, 𝜃; 𝜚; 𝑧; ℴ; 0,0)𝐹ℷ1,ℷ2

𝜚1,𝜚2(−𝜗1, 𝜃3; 𝜃4; 𝑧; ℴ; 0,0)𝑡𝜗1  

       = (1 − 𝑡)−𝜃1𝐹2;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃, 𝜃3; 𝜚, 𝜃4;
𝑧

1−𝑡
,

−𝑦𝑡

1−𝑡
; ℴ; 0,0).  

 

Corollary 39: Suppose |𝑧| < 1, |(1 − 𝑦)𝑡| < |1 − 𝑧|, |𝑧| + |𝑦𝑡| < |1 − 𝑡|, ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) < ℸ, 𝑅𝑒(𝜃) > 0, 

ℸ − 1 < 𝑅𝑒(𝜃3 − 𝜃4) < ℸ, 𝑅𝑒(𝜃3) > 0, then   

 

  ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃1 + 𝜗1, 𝜃; 𝜚; 𝑧; ℴ; 0, ℸ)𝐹ℷ1,ℷ2

𝜚1,𝜚2(−𝜗1, 𝜃3; 𝜃4; 𝑧; ℴ; 0, ℸ)𝑡𝜗1  

      = (1 − 𝑡)−𝜃1𝐹2;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃, 𝜃3; 𝜚, 𝜃4;
𝑧

1−𝑡
,

−𝑦𝑡

1−𝑡
; ℴ; 0, ℸ).  

 

Corollary 40: Suppose |𝑧| < 1, |(1 − 𝑦)𝑡| < |1 − 𝑧|, |𝑧| + |𝑦𝑡| < |1 − 𝑡|,  ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) < ℸ, 𝑅𝑒(𝜃) > 0, 

ℸ − 1 < 𝑅𝑒(𝜃3 − 𝜃4) < ℸ, 𝑅𝑒(𝜃3) > 0, then  

 

  ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃1 + 𝜗1, 𝜃; 𝜚; 𝑧; ℴ; ℸ, ℸ)𝐹ℷ1,ℷ2

𝜚1,𝜚2(−𝜗1, 𝜃3; 𝜃4; 𝑧; ℴ; ℸ, ℸ)𝑡𝜗1 

       = (1 − 𝑡)−𝜃1𝐹2;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃, 𝜃3; 𝜚, 𝜃4;
𝑧

1−𝑡
,

−𝑦𝑡

1−𝑡
; ℴ; ℸ, ℸ). 

 

Corollary 41: Suppose |𝑧| < 1, |(1 − 𝑦)𝑡| < |1 − 𝑧|, |𝑧| + |𝑦𝑡| < |1 − 𝑡|, 𝑅𝑒(𝜃 − 𝜚) > 0, and 𝑅𝑒(𝜃 + ℷ) > 0,  

𝑅𝑒(𝜃3 − 𝜃4) > 0, and 𝑅𝑒(𝜃3 + ℵ) > 0then 

 

 ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹ℷ1,ℷ2

𝜚1,𝜚2(𝜃1 + 𝜗1, 𝜃 + ℷ; 2𝜃 + ℷ − 𝜚; 𝑧; ℴ; 0,0)𝐹ℷ1,ℷ2

𝜚1,𝜚2(−𝜗1, 𝜃3 + ℷ; 2𝜃3 + ℵ − 𝜃4; 𝑦; ℴ; ℸ, ℸ)𝑡𝜗1  

    = (1 − 𝑡)−𝜃1𝐹2;ℷ1,ℷ2

𝜚1,𝜚2 (𝜃1, 𝜃 + ℷ, 𝜃4 + ℵ; 2𝜃 + ℷ − 𝜚, 2𝜃4 + ℵ − 𝜃3;
𝑧

1−𝑡
,

−𝑦𝑡

1−𝑡
; ℴ; 0,0).  

 

Theorem 42: Let |𝛿1𝑧| < min{1, |1 − 𝑡|}, |𝑡| < |1 − 𝛿1𝑧|, |𝛿2𝑧| < 1, |𝛿3𝑧| < 1 and 0 < 𝑅𝑒(𝜃) < 𝑅𝑒(𝜚), then  

 

 ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹𝐷;ℷ1,ℷ2

3;𝜚1,𝜚2(𝜃, 𝜃1 + 𝜗1, 𝜃3, 𝜃4; 𝜚; 𝛿1𝑧, 𝛿2𝑧, 𝛿3𝑧; ℴ; 0,0)𝑡𝜗1  

      = (1 − 𝑡)−𝜃1𝐹𝐷;ℷ1,ℷ2

3;𝜚1,𝜚2 (𝜃, 𝜃1 + 𝜗1, 𝜃3, 𝜃4; 𝜚;
𝛿1𝑧

1−𝑡
, 𝛿2𝑧, 𝛿3𝑧; ℴ; 0,0). 

 

Corollary 43: Let |𝛿1𝑧| < min{1, |1 − 𝑡|}, |𝑡| < |1 − 𝛿1𝑧|, |𝛿2𝑧| < 1, |𝛿3𝑧| < 1, ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) <

ℸ, 𝑅𝑒(𝜃) > 0, then  

 

  ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹𝐷;ℷ1,ℷ2

3;𝜚1,𝜚2(𝜃, 𝜃1 + 𝜗1, 𝜃3, 𝜃4; 𝜚; 𝛿1𝑧, 𝛿2𝑧, 𝛿3𝑧; ℴ; 0, ℸ)𝑡𝜗1  
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      = (1 − 𝑡)−𝜃1𝐹𝐷;ℷ1,ℷ2

3;𝜚1,𝜚2 (𝜃, 𝜃1 + 𝜗1, 𝜃3, 𝜃4; 𝜚;
𝛿1𝑧

1−𝑡
, 𝛿2𝑧, 𝛿3𝑧; ℴ; 0, ℸ). 

 

Corollary 44: Let |𝛿1𝑧| < min{1, |1 − 𝑡|}, |𝑡| < |1 − 𝛿1𝑧|, |𝛿2𝑧| < 1, |𝛿3𝑧| < 1,  ℸ − 1 < 𝑅𝑒(𝜃 − 𝜚) <

ℸ, 𝑅𝑒(𝜃) > 0, then 

 

  ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹𝐷;ℷ1,ℷ2

3;𝜚1,𝜚2(𝜃, 𝜃1 + 𝜗1, 𝜃3, 𝜃4; 𝜚; 𝛿1𝑧, 𝛿2𝑧, 𝛿3𝑧; ℴ; ℸ, ℸ)𝑡𝜗1  

      = (1 − 𝑡)−𝜃1𝐹𝐷;ℷ1,ℷ2

3;𝜚1,𝜚2 (𝜃, 𝜃1 + 𝜗1, 𝜃3, 𝜃4; 𝜚;
𝛿1𝑧

1−𝑡
, 𝛿2𝑧, 𝛿3𝑧; ℴ; ℸ, ℸ). 

 

Corollary 45: Let |𝛿1𝑧| < min{1, |1 − 𝑡|}, |𝑡| < |1 − 𝛿1𝑧|, |𝛿2𝑧| < 1, |𝛿3𝑧| < 1, 𝑅𝑒(𝜃 − 𝜚) > 0, and 𝑅𝑒(𝜃 +

ℷ) > 0, then 

 

  ∑
(𝜃1)𝜗1

𝜗1

∞
𝜗1

𝐹𝐷;ℷ1,ℷ2

3;𝜚1,𝜚2(𝜃 + ℷ, 𝜃1 + 𝜗1, 𝜃3, 𝜃4; 2𝜃 + ℷ − 𝜚; 𝛿1𝑧, 𝛿2𝑧, 𝛿3𝑧; ℴ; 0,0)𝑡𝜗1  

      = (1 − 𝑡)−𝜃1𝐹𝐷;ℷ1,ℷ2

3;𝜚1,𝜚2 (𝜃 + ℷ, 𝜃1 + 𝜗1, 𝜃3, 𝜃4; 2𝜃 + ℷ − 𝜚;
𝛿1𝑧

1−𝑡
, 𝛿2𝑧, 𝛿3𝑧; ℴ; 0,0). 

 

5. Conclusions 

New modified extended beta function is introduced, and it’s used to defined modified extended Gauss 

hypergeometric, Appell hypergeometric, and Lauricella hypergeometric functions with their applications to linear 

and bilinear generating functions by utilizing modified extended Riemann-Liouville, Caputo and Kober-Erdelyi 

fractional derivative and integral operators. The modified extended beta, hypergeometric functions and operators 

reduces to some well-known functions and operator in literature if the parameters are replaced appropriately, see 

for example,  

Substituting  𝜚1 = 𝜚2 the new modified extended beta function reduces to   

    𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃1, 𝜃2; ℴ) = ∫ 𝑡𝜃1−1(1 − 𝑡)𝜃2−1ℴ
(−

ℷ1
𝑡𝜚1

−
ℷ2

(1−𝑡)𝜚1
)
𝑑𝑡.

1

0
  

Putting 𝜚1 = 𝜚2 = 1 the new modified extended beta function reduces to modified beta function presented in 

[10]  

     𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃1, 𝜃2; ℴ) = ∫ 𝑡𝜃1−1(1 − 𝑡)𝜃2−1ℴ
(−

ℷ1
𝑡

−
ℷ2

(1−𝑡)
)
𝑑𝑡.

1

0
  

If 𝜚1 = 𝜚2 = 1 and  ℷ1 = ℷ2 the new modified extended beta function reduces to modified beta function in [9] 

    𝐵ℷ1
(𝜃1, 𝜃2; ℴ) = ∫ 𝑡𝜃1−1(1 − 𝑡)𝜃2−1ℴ

(−
ℷ1

𝑡(1−𝑡)
)
𝑑𝑡,

1

0
 

Setting ℴ = 𝑒 the new modified extended beta function reduces to results established by Sahin et al., [18]  

    𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃1, 𝜃2; ℴ) = ∫ 𝑡𝜃1−1(1 − 𝑡)𝜃2−1𝑒
(−

ℷ1
𝑡𝜚1

−
ℷ2

(1−𝑡)𝜚2
)
𝑑𝑡.

1

0
  

If ℴ = 𝑒, and 𝜚1 = 𝜚2 = 1 the new modified extended beta function reduces to extended beta function given in 

[19, 20] 

    𝐵ℷ1,ℷ2

𝜚1,𝜚2(𝜃1, 𝜃2; ℴ) = ∫ 𝑡𝜃1−1(1 − 𝑡)𝜃2−1𝑒
(−

ℷ1
𝑡

−
ℷ2

(1−𝑡)
)
𝑑𝑡.

1

0
 

If ℴ = 𝑒, 𝜚1 = 𝜚2 = 1, and  ℷ1 = ℷ2 the new modified extended beta function reduces to [21-24] 

    𝐵ℷ1
(𝜃1, 𝜃2; ℴ) = ∫ 𝑡𝜃1−1(1 − 𝑡)𝜃2−1𝑒

(−
ℷ1

𝑡(1−𝑡)
)
𝑑𝑡.

1

0
 

If ℴ = 𝑒, 𝜚1 = 𝜚2 = 1, and  ℷ1 = ℷ2 = 0 the new modified extended beta function reduces to classical beta 

function [25-27] 

    𝐵ℷ1
(𝜃1, 𝜃2; ℴ) = ∫ 𝑡𝜃1−1(1 − 𝑡)𝜃2−1𝑑𝑡.

1

0
 

The results presented here are hoped to be applicable in the field of probability theory, distribution theory and 

other areas of science and technology. 
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