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1. Introduction

The concept of intuitionistic fuzzy sets, characterized by membership and non-membership degree of an
element’s belonging to a set, has been propounded by Atanassov [1] as a generalization of fuzzy sets [2].
Furthermore, many hybrid versions of this concept, together with soft sets [3], have been introduced, such as
intuitionistic fuzzy soft sets [4], intuitionistic fuzzy parameterized soft sets [5], intuitionistic fuzzy
parameterized fuzzy soft sets [6], fuzzy parameterized intuitionistic fuzzy soft sets [7], and intuitionistic fuzzy
parameterized intuitionistic fuzzy soft sets (ifpifs-sets) [8]. Afterwards, the concept of intuitionistic fuzzy
parameterized intuitionistic fuzzy soft matrices (ifpifs-matrices) [9] modelling all the problems that these
concepts can and allowing the data in such problems to be processed in a computer environment has been put
forward. Thus, especially for the problems containing a large number of data, it has become possible to process
these data on the computer. Therefore, a significant advantage has been gained in decision-making process.
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The recently proposed fuzzy parameterized fuzzy soft matrices (fpfs-matrices) [10] are capable of
modelling situations where parameters and alternatives (objects) are fuzzy. Therefore, 136 soft decision-
making (SDM) methods [11-22] constructed with the subspaces [3,23-29] of the fpfs-sets/matrices space
between 1999 and 2019 have been rendered operable in the fpfs-matrices space. Moreover, more successful
methods with shorter running time have been produced by mathematically simplifying some configured SDM
methods [21,22,30-33]. However, these SDM methods are incapable of modelling the problems in which
parameters and alternatives have intuitionistic fuzzy uncertainties. To this end, to model such problems and to
achieve the same or similar modelling success of the SDM methods configured in the fpfs-matrices space
within the ifpifs-matrices space, the generalisations of these methods have great importance. Hence, the main
motivation of the present study is to generalise the SDM methods [10,11,15,16,20] operating with a single
fpfs-matrix to the ifpifs-matrices space.

Section 2 presents several of the basic notions to be required in the next sections. Section 3 generalises
the aforesaid SDM methods to the ifpifs-matrices space. Section 4 proposes five test cases to test the
generalised SDM methods® performance of ranking the alternatives in the presence of decision-making
problems and to determine the successful SDM methods. Section 5 applies the methods passing all the tests to
a performance-based value assignment (PVA) problem and compares their ranking performances. The final
section discusses the need for further research.

2. Preliminaries

This section presents the concepts of fuzzy sets [2], intuitionistic fuzzy sets [1], ifpifs-sets [8], and ifpifs-
matrices [9] to be employed in the next sections. Throughout this study, let U be a universal set and E be a
parameter set.

Definition 2.1. [2] Let u be a function from E to [0,1]. Then, the set {”(")x tx € E}, being the graphic of u,
is called a fuzzy set over E.

Definition 2.2. [1] Let f be a function from E to [0,1] x [0,1]. Then, the set {(x, f(x))| x € E}, being the
graphic of £, is called an intuitionistic fuzzy set over E.

Here, forall x € E, f(x) = (,u(x),v(x)) such that 0 < u(x) + v(x) < 1. Moreover, u and v are called
membership function and non-membership function in an intuitionistic fuzzy set, respectively. Thus, for
brevity, we represent an intuitionistic fuzzy set over E with f := {‘jggx X € E} instead of f =

{(x,u(x),v(x)) : x € E}. Besides, IF(E) denotes the set of all the intuitionistic fuzzy sets over E. For
convenience, we do not display the elements 9x in an intuitionistic fuzzy set.

Definition 2.3. [8] Let f € IF(E) and a be a function from f to IF (U). Then, the set {(’;ggx a (‘;ggx)) X €
E}, being the graphic of «, is called an intuitionistic fuzzy parameterized intuitionistic fuzzy soft set (ifpifs-

set) parameterized via E over U (or briefly over U).

In the present study, the set of all the ifpifs-sets over U is denoted by IFPIFSg(U). In IFPIFS;(U), since
the graph(a) and a generate each other uniquely, the notations are interchangeable. Therefore, as long as it
causes no confusion, we denote an ifpifs-set graph(a) by a. Moreover, for convenience, we do not display the
elements (%x, 0y) in an ifpifs-set. Here, 0, is the empty intuitionistic fuzzy set over U.

Example 2.1. LetE = {xl,xZ,x:.;, X4} and U= {ul, U, us, u4,}. Then,

a = {(0 6X1, {0 2U1, 0 3u3, 0. 5u4}) (1X2: {0 3U1, 0. suzy u4}) (o 4X4, {8 7U1, 0u3, 0. 5u4})}

is an ifpifs-set over U.
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Definition 2.4. [9] Let a € IFPIFSg(U). Then, [a;;] is called ifpifs-matrix of a and is defined by

o1 Qo2 Qo3 -+ Qon

i1 A1z Q13 - Qipn
la;] =

AGm1 Am2 Qm3z - Omn

such that for i € {0,1,2,---}and j € {1,2,--- },

u(xj) _
, =0
- v(x)) '
ij = .
a (ﬁiﬁx]) (up)), i#0
or briefly a;; = ”” .Here, if [U| =m — 1 and |E| = n, then [a;;] has order m x n.

From now on, as long as it causes no confusion, the membership and non-membership functions of [al-j],
i.e. u;; and v;;, will be represented by uf; and vjj, respectively. Moreover, the set of all the ifpifs-matrices
parameterized via E over U is denoted by IFPIFS;[U].

Example 2.2. The ifpifs-matrix of a provided in Example 2.1 is as follows:

03 0 0 04
06 1 1 04

06 06 0 02

02 03 1 07

_1lo 0 0 0
[aij] =11 08 1 1
04 0 0o 1

03 1 1 0

01 01 0 05

o5 04 1 o054

Proposition 2.1. [34] Let IFV([0,1]) be the set of all the intuitionistic fuzzy values and }, ”1 ”2

Then, the relation < defined by

mEv e [0 <n (v () = (a0 <))

is a linear ordering relation over IFV([0,1]). Here, s, (ﬁl) =y, —v; and s, (51) = lil + v;. Moreover,

e IFV([0,1]).

Sy (’u 1) and s, (’u 1) are called score value and accuracy value of intuitionistic fuzzy value respectively.

3. Generalisations of SDM Methods

This section generalises the SDM methods [10,11,15,16,20] employed a single fpfs-matrix and have been
constructed with fpfs-matrices [10]. Hereinafter, I,, indicates the set of all unsigned integer numbers from 1 to
n, i.e., I, = {1,2,---,n}. Similarly, I; denotes the set of all nonnegative numbers from 0 to n, i.e, I, =
{0,1,2,---,n}. Moreover, the variables (inputs) R, w, A, A, and A, are used in algorithms. Here, R is a set of
indices, w is an intuitionistic fuzzy valued row matrix, 1 € (0,1], and A;, A, € [0,1]. Furthermore, the notation
of each algorithm is created by inserting the first letter of the word “intuitionistic” at the beginning of the
algorithm notation proposed in [16].
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Algorithm 3.1. iMBRO1

Step 1. Construct ifpifs-matrix [a; j]

Step 2. Obtain [bi] . 1. m- % and [b ) m— 1y (1, d€fined by
n
lk = Z#OJX(MU)#R]) and blk . zv()]l/)(vl]’vk])
j=1 j=1

suchthati,k € I,,_q,
a <

L w = ug; 0, vij<vi
X Ma,‘uf(l = { and 1/) Vg-,V]?- = {
( Y ]) 0, otherwise ( Y j) 1, otherwise

Step 3 Obtaln [Cil](m—l)X1

Ci1 = Z (b bkl 1€Lny

Step 4. Obtain [d;q]n—1)x1

11 T z (b bkl [ € Im—l

5‘1 such that i € I,,,_1,

i1

Step 5. Obtain the score matrix [s;; ] (m—1)x1 defined by s;; =

( cip + |krel}in {ca}
s , max (o + |dal}+ | min {oa)| # 0
K = kg}i’_(l{cm + | [} + |kgll,inr11{ck1} m m
1 i =
, max (G + Idgal} + | min {e}| = 0
and
cip + |dig | + |kgllin {cka}
1 s , max (o + dial}+ | min {6} # 0
vh=1{ max (o + dl)+ | min (o} < o
0, krer;igl{ckl + ldial} + | klg}rlnrll{ckl} =0
Step 6. Obtain the decision set {”kluk|uk € U}
Algorithm 3.2. isMBRO01
Step 1. Construct ifpifs-matrix [a;;]
Step 2. Obtain [b;](m-1)x1 and [c;1]n—1)x1 defined by
m-1 n m-1 n
ll - Z ZMO}Sgn(“U .uk]) and Ci1 = Z ZVOJSgn(VU 1/k’,])
k=1
suchthati € I,,_4
Step 3. Obtain the score matrix [s;]n—1)x1 defined by s;; = 5” suchthati € I,,,_1,
i1
b;; + | min {bkl}
;) max {br1 + lcr1 |} + | min {b;,}| # 0
Wi = kg}f;‘l)_(l{bkl + lera |} + |kgllrinr11{bk1} fm=1 o
1 i =
, kg}i)_(l{bkl +lckal} + | kg;rlnrll{bkl} 0

and
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biy + lcip | + |k,rer11in {bi1}

1-— max {bkl + |cpq |} + | min {by }| # 0
Vi = kg}a)_il{bm + lepl} + | min {bk1}| m-t
0 nax (b + e} + | min (b} = 0
Step 4. Obtain the decision set {“kluk|uk € U}
Algorithm 3.3. iMBRO01/2
Step 1. Construct ifpifs-matrix [a; j]
Step 2. Obtain [, .. = and [b el m— 1)1 G€fined by
n
blk = Z#gj)((#%;#gj) and bizk = ngjl/)(vlgj;vl?j)
j=1 j=1
such that i,k € I,,,_, and
w(vivey) 9 otherwise
Step 3. Obtain [c;1 | m-1)x1
Ci1 *= z (b bkl [€In 4
Step 4. Obtain [diq]n-1)x1
11 T z (b bkl [ € Im—l
Step 5. Obtain the score matrix [s;; ] (m—1)x1 defined by s;; = 5‘1 suchthati € I,,_1,
i1
Cip + |kg}in {c}
s , max (o + Idial} + | min (e} # 0
s _ . m—1 m-—1
iy = { max {eis + ldia )+ | min (cia)
1, kgi§1{6k1 + ldia |} + | kg}rlnril{ckl} =0
and
cia + lda |+ | min {cia)
1 m-1 ) nax {cin + |dp1 |} + | min {cx,}| # 0
S _ 3 m 1 m-—1
v = kg}i)_(l{ckl + ldka |} + | kg};rfl{ckl}
0 nax (G + Idial} + | min {6}| = 0

Step 6. Obtain the decision set {”kluk|uk € U}
Algorithm 3.4. iMRBO2(R)

Step 1. Construct an ifpifs-matrix [a;;]

Step 2. Determine a set R of indices such that R € I,
Step 3. Obtain [b;;](m-1)x1 and [c;1]n—1)x1 defined by
bi; = Z poimf; and ¢y = z VoiVij
JER JER
suchthati € I,,_4
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5‘1 such that i € I,,,_;,

il

Step 4. Obtain the score matrix [s;;]n—1)x1 defined by s;; =

by + | kg}gll{bkl}|

, max (b + leal}+ | min (b} # 0
iy = { max (b +lewal} + | min il < -
m 1
1, krer}i)_(l{bkl + [} + |kr€1};§1{bk1} =0
and
biy + lcir| + | rrllln {br1}
1 T , Jnax {br1 + lcia I} + | min {by}| # 0
Vi = ax {br1 + lcia 1} + | min {by} m m-t
Elm—l m 1
0, krer}i)_(l{bkl + ek} + | kgr;;ql{bkl} =0
Step 5. Obtain the decision set {”kluk|uk € U}
Algorithm 3.5. iKM11(R)
Step 1. Construct an ifpifs-matrix [a;;]
Step 2. Determine a set R of indices such that R € I,,
Step 3. Obtain [b;1](m-1)x1 and [c;1]m—1)x1 defined by
11 T 1_[“0]“1] and Ci1 = HVOJ L]
JER JER
suchthati € I,,,_4
Step 4. Obtain the score matrix [s;;]n—1)x1 defined by s;; = 5‘1 suchthati € I,,,_4,
il
bi; + |kg}i“ {br1}
mo , max (b + |ck1|}+| min {by}| # 0
piy =1 max (i + leal} + [ min )| *m e
€lm—1 €lm-1
1, kg}igl{bkl +lcral} + | klg}rlnrll{bkl} =0
and
bis + el + | min (b}
i = ,max (b + leal} + | min ()| # 0
Vi = nax {br1 + lera [} + | min {by,} Ehm-1 mot
€lm—1 Im—1
0 max (b + e} + | min (bia}| = 0

Step 5. Obtain the decision set {“kluk|u € U}

Algorithm 3.6. iCCE11
Step 1. Construct an ifpifs-matrix [a;;]

93

Step 2. Obtain the score matrix [s;;]m-1)x1 defined by s;; := 5‘1 suchthat i € I,q, K =§j : Hoj =0V
i1
Vo # 1},
n n
izua.#a. IK| £ 0 1 ZV V& K| #0
R e and KLY
j=1 j=1
0, K] =0 0, K| =0

Here, |K| denotes the cardinality of K.



Journal of New Theory 36 (2021) 88-116 / Generalisations of SDM Methods in fpfs-Matrices Spaces ...

Step 3. Obtain the decision set {”Elukluk € U}
Vk1
Algorithm 3.7. iYE12

Step 1. Construct an ifpifs-matrix [aii]mxn

Step 2. Obtain the score matrix [s;;](m—-1)x1 defined by s;; := 5 L such that i € I,_1,

n n i n
1 a a 1 a.,a
n a nuO]nul] , .uoj #0 n a VO]Vij

j=1Hoj = j=1 s j=1Y0ji=

Hip = and vy =
0; Zﬂg] = 0’
j=1

Step 3. Obtain the decision set {”kluk|u € U}
Algorithm 3.8. iCCE10

Step 1. Construct an ifpifs-matrix [a;;]

5‘1 suchthat i € I,,_4,

i1

1 1
— a ,,a S a.,a
1= E Mojtij and vy == E VojVij

j=1 j=1

Step 2. Obtain the score matrix [s;1]m—1)x1 defined by s;; =

Step 3. Obtain the decision set {“kluk|uk € U}
Algorithm 3.9. iCECL11

Step 1. Construct an ifpifs-matrix [a;;]

b.
Step 2. Obtain [by;] defined by b;; = Ml’ such that j € Iy,
v,

m-— a m-—1

VA :
b ._ “01 E b . _Y0j a
W= and vy =7 Vij
i=1 i=1

5‘1 such that i € I,,,_1,

n
pip = ZMuﬂl] and v} = ZVLV]

j= j=1
Step 4. Obtain the decision set {’;Elukwk € U}
k1

Step 3. Obtain the score matrix [s;1]n—1)x1 defined by s;; =

=|H

Algorithm 3.10. iM11

Step 1. Construct an ifpifs-matrix [a;;]

Step 2. Obtain [bj] . ,, defined by

n

k==zu&(u?j—uf§j) and b = ) v (v~ viy)
j=1

j=1

—1)x(m— 1) and [b ](m 1x(m

suchthati,k € I,,,_4
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Step 3. Obtain [c;; ] (m-1)x1 Ve [di1]n—1)x1 defined by
m-—1 m—1
— 1 — 2
Ci1 = Z bj, and dj = Z b
k=1 k=1

5” such that i € I,,,_1,

i1

suchthati € I,,_4

Step 4. Obtain the score matrix [s;;]n—1)x1 defined by s;; =

Cj min {c
i1l + |k 1 { kl}

= , max {cyxq + |dgq |} + |krr11in R
M =\ max {ciy + ldia |} + |kg};111{Ck1} foShm=1 €lm-1
L L {Ch1 + |da 1} + | min {Ckl} =0
and
cip +ldin| + |kg11ir1 {Cre1}
1- = _ , max {cpg + |dpa |} + |krer11in {ck1}| £ 0
Vi = (max {Cpy + |dia |} + | in {ee) fe€lm-1 m-1

0, KX {ckr + | dia 1} + | min {Ckl} =0

Step 5. Obtain the decision set {“kluk|uk € U}
Algorithm 3.11. iKKT13
Step 1. Construct an ifpifs-matrix [a;;] (n+1)><n

Step 2. Obtain [b;; %1 defined by b;; = e

n
1
b ._ b
.ull E MU and Vi1 = ZE Vij

Jj=1

" such thati € I,,

5‘1 such that i € I,

i1
S .— .0 b _ ,a.b
Wi = #01#11 and vy = vy + v — VoV

Step 4. Obtain the decision set {“kluk|u € U}

Step 3. Obtain the score matrix [s;;],x, defined by s;; =

iKKT13 is used in decision-making problems containing the same number of alternatives and parameters.
Algorithm 3.12. iFJLL10(R, w)

Step 1. Construct an ifpifs-matrix [a; f]an

Step 2. Construct an intuitionistic fuzzy valued row matrix [le]lxn defined by w,; = 53 such that

tjvij €[0,1]and 0 < pqj + vy < 1, forallj € I,
Step 3. Obtain [b;;]  defined by

1
> and vE < vy
b ) — —
:uij . 0 .“1] lulj ij 1j
=
Vi .
Y 0 otherwise

1!
suchthati e I;,_;andj € I,
Step 4. Apply iMRBO2(R) to [b;;] such that R < I,
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Algorithm 3.13. iFJLL10/2(R, w)

Step 1. Construct an ifpifs-matrix [a; f]mxn

Step 2. Construct an intuitionistic fuzzy valued row matrix [Wlf]1><n defined by w,; = l;ij such that

tjvij €[0,1]and 0 < pqj + vy <1, forallj € I,
Step 3. Obtain [b; j]mxn defined by

fﬂgj .
a i=0
b Voj
Mij — < 1 . 0 a s ] d a - ]
Vp' O, == ,ﬂij_lllj,an Vij—vl]
ij
L (1), otherwise

suchthati € I;,,_,andj € I,
Step 4. Apply iMRBO2(R) to [b;;] such that R < I,

Algorithm 3.14. iFJLL10/3(R, w)
Step 1. Construct an ifpifs-matrix [a;;]
Step 2. Construct an intuitionistic fuzzy valued row matrix [Wlf]1><n defined by w,; = 53 such that

tjv1j €[0,1]and 0 < pqj + vy < 1, forallj € I,
Step 3. Obtain [b; J']mxn defined by

1 a a :
- = max and v{;, < minv
M?j o Hij ReL Hik ik = e 1k
L =
Vi .
y (1) otherwise

suchthati € I,,_,;andj € I,
Step 4. Apply iMRBO2(R) to [b;;] such that R < I,

Algorithm 3.15. iFJLL10/4(R, w)

Step 1. Construct an ifpifs-matrix [a;;]

Step 2. Construct an intuitionistic fuzzy valued row matrix [le]lxn defined by w,; = 53 such that

tjvij €[0,1]and 0 < pqj + vy < 1, forallj € I,
Step 3. Obtain [b; J']an defined by

a
Hoj .
@ i=0
b
‘uU e < 1 0 a d a
= i+ . = max and v;; < minv

Vibj 0’ PHij = WEX ik U= ker, 'k
0 .
1 otherwise

suchthati € I,_; andj € I,
Step 4. Apply iMRBO2(R) to [b;;] such that R < I,

Algorithm 3.16. iFJLL10m(R)

Step 1. Construct an ifpifs-matrix [a;;]
Step 2. Obtain [b;;] defined by
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( 1 m-—1 1 m—1
b 1 a - a a a
Wi o A Zm_lz#kj and v;; S T1 2,V
Vibj : k=1 k=1

(1), otherwise
suchthati € I;,_,andj € I,

Step 3. Apply iIMRBO2(R) to [b;;] such that R < I,
Algorithm 3.17. iFJLL10/2m(R)

Step 1. Construct an ifpifs-matrix [a; J']m><n
Step 2. Obtain [b; j]mxn defined by

(L
Hoj, i=0
b m—-1 m-1
ullj)i=<1 £ 0.yl > 1 a dve < 1 a
Vij o Wi = Hij.and vy =3 Vi
k=1 k=1
(1), otherwise
suchthati € I,,_; andj € I,
Step 3. Apply iIMRBO2(R) to [b;;] such that R < I,
Algorithm 3.18. iFJLL10max(R)
Step 1. Construct an ifpifs-matrix [a;;]
Step 2. Obtain [b; J']mxn defined by
a > a. a < i a.
T L e
)=
Vij 2, otherwise
suchthati € I,,_; andj € I,
Step 3. Apply iMRBO2(R) to [b;;] such that R < I,
Algorithm 3.19. iFJLL10/2max(R)
Step 1. Construct an ifpifs-matrix [a;;]
Step 2. Obtain [b; J']an defined by
Ho;
7, i=0
b
H =11 12048 > max u;,andv® < min vS
vibj 0’ Hij = KEly—y Hicj» U = kely_, *
2, otherwise
suchthati e I;,_;andj € I,
Step 3. Apply iMRBO2(R) to [b;;] such that R < I,
Algorithm 3.20. iF10(4)
Step 1. Construct an ifpifs-matrix [a;;]
b
. . H1j . . i i-1
Step 2. Obtain [blj]lxn defined by b, ; = s suchthati € I,,,_q,j € I, §; == f (m—l) —f (m—l)'

1j
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m-—1 m-—1
b ._ a; b ._ ai
W= Z p;j'6; and vy; = Z v; 6
i=1 i=1

1-1
Here, for A € (0,1], f is a function defined by f(x) = x 2 . Moreover, yj.” denotes it" largest membership

degree of the elements with index nonzero in j* column of [ai]-]. Similarly, v].‘“ indicates i*"* smallest non-

membership degree of the elements with index nonzero in j¢"* column of [al-j].
¢

Step 3. Obtain [c;;] _  defined by c;; = ’: % suchthat i € Iy_y, j € I, and
ij

(Koj
Hoj, i=0
Hij
Ve = 4 (1) i#0,uf = ,u{’j,andv{‘j < vf]-
L 2, otherwise
Step 4. Apply iMRBO2(R) to [c;;] suchthatR € I,,
Algorithm 3.21. iKSM10
Step 1. Construct an ifpifs-matrix [a; f]mxn
Step 2. Obtain [b;;] and [c;;] defined by
* n
1 by
1-—+ ), i=OandeIk¢0
n—1 k=1P1k =
by =) L =0 and Zn:b*
—, i=0 an 1k =
n k=1
Hij» i#0
and
* n
1 1— C1j o .
—— ], =0 and gk *0
n—1 k=1C1k =
cii =+ 1 -
ij = . .
=, l=Oal’1dZC1k=0
n k=1
viaj, i#0
i€l,_jandj€l,
Here,
f 1 m-—1
1 Z (HG21 — HE1H) j=1
=
1 m-—1 '
byj = 3 2(m—1) Z ('“g(j+1)'“;l(j+1) - #g(j—1).“zq(j—1)); jE{23,..,n—1}
=
1 lm—l
1 (.“gn.ulgn - :“g(n—l):“zq(n—l)) ’ j=n

. m= 14

Il
=y

and
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m-—
- Zl(vgzv?z V), j=1
1 m-—1 -
* a a a .
“UT\2m=1 . (Vo+nVitj+n) ~ Vou-nVig-n), J €{23,..,n—1}
i=

1 m—1

1 Z (Vgnvgl - v(()l(n—l)vg(n—l)) ) j=n

=1

\ m

suchthatj € I,

d
Step 3. Obtain [d;] defined by d;; = ﬁ‘; suchthati € I},_4,j € I,
ij

bij + | kgr};rfl{bkj}

max {bk] + ekl + |kr€1}ilrzl{bkj}| #0

= s o el + gin Bl
L (o + el + | i | =0

and
) bij + |eij| + |k£§1}nrfl{bki]|
=1 (b + e l) + | min (b))

max {by; + e[} + | mirll{bkj}| £0

0 anax (b + e[} + [ min (b} = 0

Step 4. Apply iM11 to [d;;]
Algorithm 3.22. IKWW11(4,, 1,)
Step 1. Construct an ifpifs-matrix [aif]an

Step 2. Apply iMBRO01 and iMRBO2(R) to [al-j] such that R < I,, and obtain the score matrices [s;; ](m-1)x1
and [31 ] (m—-1)x1, respectively
Step 3. Obtain [b4] o [BA] iy [661] sy @00 €62y defined by

nin Vil — Vi

biy = Jnax Her—#f and bj =

m 1 m 1
and
1 ._ g 2 . 5
ch = max pp, —pf; and cff = mm Vi = Vi
k€lm_1 k€lm_1

suchthati € I,,_4

Step 4. For 4, € [0,1], obtain [d}, [d? and [ef] ,,_,.,defined by

](m 1)x1’ ](m 1)x1’ [ell](m 1)x1’
min {mm{bkl,ckl}} + 44 max {max{bkl,ckl}}

KELp,
d = bl + A mixl{max{bkl, ci B , b+t A kg}g’_(l{maX{b%p cer}} #0
1, by + A4 kré}i)fl{max{b,%l, cii}}=0
. kler}rirlril{min{b,%l,c,fl}}+/11 max {max{b,%l,c,fl}} - L 0
dj = B ¢+ kmixl{max{bkl, c2, » Gt krer}rerlli{max{ i Cen)) #

0, ¢+ A1 max {max{by, ¢} = 0
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min {mln{bkl,ckl}} + A4 max {max{bkl,ckl}}

el = K€lm bl + 1, n}ix1{max{bk1’ )] , b+ 4 krer}ii{max{b,ll, et} #0
. bl + A1 max {max{bi,cl1}} = 0
and
{1 - "gjgl{min{b’%l’ YR relox {max{b,%l,c,gl}} ¢k + 24, max {max{bf,,ct,}} # 0
e = ¢t kmixl{max{bkl, Cier}} ©R T M ke, ket Ck
> & + 1 max {max{bfy, ¢y} = 0

suchthati € I,,_4
Step 5. For 4, € [0,1], obtain [f3] ., . and [fi] . ., defined by

fi=2ydiy + (1= 2z)e; and fi=2d3 +(1—2;)e]
suchthati € I,,_4

Step 6. Obtain the score matrix [s;;]¢n—1)x1 defined by s;; = 5‘1 suchthati € I,,,_4,
il
(st |min ()
- . m—1 . ) , kg}ax {fkl + |fk1|} + | mln {fkl} +* O
iy = | max (£ + A4 [} + | min (£8)
L Jmax (£ + [FAl}+ | min 78] =0
and
(A1l mn ()
1- - - med . - Jnax {F4 + |Fal + | min {fkl} #0
vi={  ax {fo +IfAl+ |kg;71nr11{fk1}
0, ax (s + |faf) + | min (7)) =0

Step 7. Obtain the decision set {”kluk|uk € U}
Algorithm 3.23. iSM11

Step 1. Construct an ifpifs-matrix [a; f]an
Step 2. Obtain [b{;]  and [b};]  defined by
1. 2 o
bij = max {uf;ufj} and b= min {v;vij)
suchthatj € I,
Step 3. Obtain [c}]

and [cA] defined by

m—1)x1 —-1)x1
chy = min{max{1 - ug;ufj, bi;}} and ¢ = max{min{1 - vg;vfj, bij}}
n n
suchthati € I,,_4

Step 4. Obtain [djy] and [d3] . defined by

—1)x1 —1)x1
d} = rjr&)l({mln{uojuij,blj}} and df = g%ilg{max{vgjviaj,blzj}}

suchthati € I,,_4
S
Step 5. Obtain the score matrix [s;;]n—1)x1 defined by s;; = 5151 suchthati € I,,,_,
i1
ph = ch +dh —chdh and vj = chdf

Step 6. Obtain the decision set {5§1uk|uk € U}
1



Journal of New Theory 36 (2021) 88-116 / Generalisations of SDM Methods in fpfs-Matrices Spaces ...

Algorithm 3.24. iPEM/IEC20

Step 1. Construct an ifpifs-matrix [a; J']m><n
Step 2. Obtain [b;1 ] (m-1)x1 and [c;1]m—1)x1 defined by

101

Sl o Sl )i

1 t=1

suchthati € I,,_4

ﬁ‘l suchthat i € I,,,_4,

il

Step 3. Obtain the score matrix [s;1]m—1)x1 defined by s;; =

b + | min (bea)

m-1 , max by + e} + [ min (b} # 0
$ =< max {by, + lci1 |} + mm{b y| o KEmo m-t
Hiq X k1 k1 k1
kEIm_l m 1
1, b in {b =0
kg}igl{ k1t ek} + |kg1111nr11{ K1}
and
[ batleal+|min )
1-— m-1 , ax {br1 + |11} + | min {by,}| #0
S __ 3 m 1 m 1
Vip = (max {byy + ||} + | (min {by,}
0, max {b c | min {b =0
kEIm)_(l{ k1t ek l} + kEIm_l{ k1)

Step 4. Obtain the decision set {”kluk|u € U}

4. Proposed Test Cases for Generalised SDM Methods

This section proposes five new test cases by availing of the test cases provided in [13] to compare the decision-
making performances of the generalised SDM methods. Each test case generating the same ranking order of
the alternatives without using an SDM method consists of ¢ ifpifs-matrices [a};], [af;]. ..., [af;], with the order

of m x n. If an SDM method produces the same ranking order of the alternatives presented in a given test case,
it means that the method is successful therein. Moreover, Proposition 2.1 of this study is utilised to rank the
alternatives in the proposed test cases. Besides, because the numbers of the alternatives and the parameters are
required to be equal in Test Case 3 and Test Case 4, we utilise equal numbers of alternatives and parameters
in the remaining test cases as well. Therefore, for all the test cases, let U = {uy,u,, ..., u,} be the set of

alternatives and E = {x4, x5, ..., x,,} be the set of parameters.

4.1. Test Case 1

Test case 1 constructs ifpifs-matrices [af;] (D’ [aZ] (ryxn’ [af;] nr1)

k

ak = ak == e
n such that, ug; = ug, =

k k k k k k k k k 3
U V1 = V82 = = Vi, U1 < Hgzj < <lpj, and vy; <--<vg; <vi;, forall k €I, and j € I,.

Therefore,

k k k k k k k k k k k k
a a a a a a a a a a a a
Uojﬂllj _Vojvlj <,Lloj‘l,lzj _VOjVZj <"'<‘Lloj,unj_vojvnj

forall k € I, and j € I,,. For each ifpifs-matrix herein, the ranking order of alternatives isu; < u, < -

< Up.
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4.2. Test Case 2

ifpifs-matri L 4 L b= b = =
Test case 2 constructs ifpifs-matrices [b;; (D’ [b] (yxn’ [bf] (e 1ycn SUCN that gy = g
,ug,};, v(’)’f = v(’)’; == v(’,’,’;, ,ufl; < < yé’}c < yf]’-‘, and vfj]-( < vé’}c < e <L v,l{;-c, forall k €I, and j € I,,.
Therefore,

pk pk pk_ pk bk pk bk pk L pk_ pk
HojHnj —VojVnj <" < HojHzj —VojVaj < HojH1j — VojVij

forall k € I, and j € I,,. For each ifpifs-matrix herein, the ranking order of alternatives isu,, < -- < u, < u;.
4.3. Test Case 3

Test case 3 constructs ifpifs-matrices [c};] , such that forall i, j € I, and

(n+1)xn’ [Cizj](n+1)><n’ e [Clpj](n+1)x

k
Cc
k € I, ug'; < ug’; < < ug’; and vg,’fL < < vg’z‘ < vS’{, “‘Clk =’g15uch that 1, e € [0,1] and 1+ ¢ < 1, and
Vii
sy 0
ig . . ij _
if i # j, then k=1 Therefore,

k .k k .k k .k k .k k k k k
Ho1M11 — Vo1 Vit < Ho2M32 — V62Viz < < Uonlan — VonVan
e , ck ok ck ok ck ck .. e .
and if i = j, then ug;ui; —vgjvij =0—vg; = —vg;, forall i,j € I, and k € I;. For each ifpifs-matrix
herein, the ranking order of alternatives is u; < u, < -+ < u,.

4.4, Test Case 4

ifpifs- i 1 2, t i i
Test case 4 constructs ifpifs-matrices [d}; (1) [d7] (e’ [d}; (s 1y SUCh that for all , j € I, and
dk
k€1, ply < < pdy < pdyand vl <vl < < v{},’f,ﬂgk = :}such that A,& € [0,1]and A + & < 1, and
Vi:

‘lek 122
ifi #j,then 7, = O Therefore,

vdt o1

ij
dk  ak dk. dak dak, ak dk. dak dak, ak dk. ak
Honlnn — VonVan < ** < U2 H22 — Vo2 V22 < Ho1HMi1 — Vo1 V11
- . . dk dk dk dk _ dk _ dk P . . .
and if i # j, then pg; ui; —vo;vi; =0—vg; = —vg;, forall i,j € I,, and k € I;. For each ifpifs-matrix

herein, the ranking order of alternatives is u,, < - < u, < uy.

45 Test Case 5

- - _ - .1. '2' 't' . .
Test case 5 constructs ifpifs-matrices [el]](n+1)><n' [eU](n+1)xn’ [e”](n+1)><n such that for all i, € I,, and
k
,u-e- A k k k k k k k k
k € I, vlelk = A,e€[01],and A + & < 1. Therefore, uf; —vi; =ui; —v; andpuf; +vi = +v,
ii

foralli,l,j € I, and k € I,. For each ifpifs-matrix herein, the ranking order of alternatives isu; = u, = --- =
u,. Here, = denotes the same ranking order.
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4.6. Results of Test Cases

This subsection tests the generalised SDM methods using aforesaid test cases. Thus, it determines SDM
methods being successful in all the test cases. Since the generalised SDM methods herein employ only a single
matrix, we consider t =1, n =4, U = {uy,u,, us,us}, and E = {x1,x,,x3,x,}, for all the test cases.
Therefore, we use ifpifs-matrices provided in Table 1.

Table 1. ifpifs-matrices employed in the test cases

Test Case 1 Test Case 2 Test Case 3 Test Case 4 Test Case 5

0.4 0.4 04 0.4 ro.8 0.8 0.8 0.8 06 0.7 0.8 097 r09 0.8 0.7 0.6] 04 04 04 04
0.3 0.3 0.3 0.3 0.1 0.1 0.1 0.1 0.2 0.15 0.1 0.05 0.05 0.1 0.15 0.2 04 04 04 04
0.7 0.6 0.5 0.4 1 0.9 0.8 0.7 1 0 0 0 1 0 0 0 04 04 04 04
0.15 0.2 025 0.3 0 0.05 0.1 0.15 0 1 1 1 0 1 1 1 04 04 04 04

[a}] = 08 07 06 05 [b}] = 09 08 07 06 [c}] = 0 1 0 0 [d}] = 0 1 0 0 [e}] = 04 04 04 04
ul™ 101 015 02 o025 Y7005 01 015 o2 (U1 o 1 1 ul =11 0 1 1 U1™104 04 04 04
09 08 07 06 08 07 06 05 0 o0 1 0 0 0 1 0 04 04 04 04
005 01 015 0.2 01 015 02 025 1 1 0 1 1 1 0 1 04 04 04 04
1 09 08 07 07 06 05 04 0 o0 0 1 0 0 0 1 04 04 04 04
0 0.05 0.1 0.15 lo.15 02 025 03 1 1 1 o/ L1 1 1 ol lo4 04 04 04

Moreover, since all the parameters should be considered in all the test cases, we determine the variables
(inputs) R, Ry, R,, and R; as I,. Additionally, the other variables are intently selected so that the methods can
pass the largest number of test cases. Table 2 provides the test results of the SDM methods created using
MATLAB R2021a. Furthermore, the numbers of the passed tests are presented in the last column of Table 2.
12 of 24 methods are observed to be successful in all the test cases. These methods are iMBRO01, isMBRO1,

IMBRO1/2, iIMRBO2(/,), iCCELL, iCCE10, iCECL1, iKKT13, iFILL10/2(1,, [07 07 07 07]) (Test1,

01 01 01 01
04 04 04 04

0.7 0.7 0.7 0.7
04 04 04 0.4 D (Test 1, 2),

2), IFILL10/2(1y, 01 0.1 01 0.1

) (Test 3, 4, 5), iFILL10/4(1,

iFJLL10/4(I4,[8:i 8:2 8:2 8:2]) (Test 3, 4, 5), IKWW11(1,, 0.5,0.5), and iPEM.
Table 2. Performance of the generalised SDM methods in the test cases
g e, T g Je e

1. iMBRO1 v v v v v S
2. isSMBRO1 v v v v v 5
3. iIMBRO01/2 V4 v v v v S
4. IMRB02(l,) v v v v v 5
5. iIKM11(1,) v v - — v 3
6. iCCE11l v v v v v 5
7. iYE12 v v - = v 3
8. iCCE10 v v v v v 5
9. iCEC11 v v v v v 5
10. iM11 - - - - V4 1
11. iKKT13 v v v v v 5
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iFJLLlO(I4,[g:I 8:1 gi 07)(Test1 2)

12, - v - - v 2

iFILL10(,, [g:i 8:1 g:z ) (Test 3, 4, 5)

iFaLL0r2(1,, [7 07 97 07)(Test1 2)
01 01 0.1
13. 04 04 04 v v v v v 5

|FJLL10/2(14,[ 01 04 )(Test345)

iFJLLlO/3(14, 0.7 0.7 07)(Test1,2)

01 01 0.1

4.1 04 04 04 - v - - v 2

|FJLL10/3(I4,04 0 o4 04)(Test345)

|FJLL10/4(I4, 07 07 071 (Test 1, 2)

01 01 0.1

e 04 04 04 04 v v v v v 5

|FJLL10/4(I4, 04 04 o4 04)(Test345)
16, iFILL10M(I,) - - - - v 1
17. iFILL10/2m(l,) - - v v v 3
18 iFILL10max(l,) - - - - v 1
19. iFILL10/2max(l,) - - v v v 3
20. iF10(I,,0.5) - - v v v 3
21. iKSM10 - - - - v 1
22. iIKWW11(l,,0.5,0.5) V4 v v v v S
23. iISM11 - v v v v 4
24. iPEM V4 v v v v 5

Total 14 17 16 16

Bold values in the last column indicate the SDM methods passing all the test cases (v': Successful, — Unsuccessful)

N
~
H
N

5. An Application of the Generalised SDM Methods Being Successful in All the Test
Cases to a PVA Problem

This section applies the SDM methods generalised in Section 3, which is successful in all test cases to a real
problem related to performance-based value assignment (PVA) to seven noise-removal filters, namely “Based
on Pixel Density Filter (BPDF)” [35], “Decision-Based Algorithm (DBAIN)” [36], “Modified Decision Based
Unsymmetrical Trimmed Median Filter (MDBUTMF)” [37], “Noise Adaptive Fuzzy Switching Median Filter
(NAFSMF)” [38], “Different Applied Median Filter (DAMF)” [39], “Adaptive Weighted Mean Filter
(AWMF)” [40], and “Adaptive Riesz Mean Filter (ARmF)” [41]. In this PVA problem, we indicate the set of
alternatives U = {uy, Uy, ug, Uy, Us, Ug, U5} SUCh that u; = “BPDF”, u, = “DBAIN”, u; = “MDBUTMEF”,
Uy = “NAFSMF”, us = “DAMF”, ug = “AWMF”, and u; = “ARmF”. Moreover, we denote the parameters
set E = {xq, x5, X3, X4, X5, X6, X7, Xg, Xo} SUCh that x; = “noise density 10%”, x, = “noise density 20%”, x5 =
“noise density 30%”, x, = “noise density 40%”, x5 = “noise density 50%”, xg = “noise density 60%”, x, =
“noise density 70%”, xg = “noise density 80%”, and xq = “noise density 90%”. Therefore, we present the
Structural Similarity (SSIM) [42] results of aforesaid filters for 20 traditional images, i.e., “Lena”,
“Cameraman”, “Barbara”, “Baboon”, “Peppers”, “Living Room”, “Lake”, “Plane”, “Hill”, “Pirate”, “Boat”,
“House”, “Bridge”, “Elaine”, “Flintstones”, “Flower”, “Parrot”, “Dark-Haired Woman”, “Blonde Woman”,
and “FEinstein”, at noise density ranging from 10% to 90% in Table 3-8. We obtain these results using
MATLAB R2021a.
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Table 3. SSIM results of BPDF for 20 traditional images

10%

0.9848
0.9911
0.9743
0.9795
0.9735
0.9747
0.9795
0.9885
0.9761
0.9801
0.9753
0.9938
0.9705
0.9707
0.9726
0.9808
0.9791
0.9909
0.9657
0.9830

20%

0.9657
0.9782
0.9427
0.9516
0.9460
0.9432
0.9526
0.9733
0.9480
0.9549
0.9456
0.9858
0.9335
0.9405
0.9417
0.9618
0.9663
0.9802
0.9385
0.9614

30%

0.9411
0.9608
0.9046
0.9112
0.9158
0.9056
0.9218
0.9533
0.9129
0.9232
0.9085
0.9730
0.8856
0.9052
0.9021
0.9346
0.9490
0.9665
0.9055
0.9361

40%

0.9087
0.9344
0.8606
0.8556
0.8798
0.8569
0.8796
0.9220
0.8676
0.8817
0.8608
0.9550
0.8269
0.8649
0.8550
0.8998
0.9270
0.9471
0.8664
0.9051

50%

0.8689
0.8966
0.8024
0.7812
0.8363
0.7962
0.8253
0.8797
0.8062
0.8266
0.8010
0.9241
0.7503
0.8149
0.7912
0.8446
0.8992
0.9200
0.8191
0.8640

60%

0.8120
0.8453
0.7289
0.6841
0.7780
0.7153
0.7468
0.8194
0.7275
0.7506
0.7245
0.8835
0.6452
0.7517
0.7099
0.7718
0.8580
0.8789
0.7561
0.8085

70%

0.7247
0.7726
0.6258
0.5622
0.7001
0.6012
0.6464
0.7309
0.6232
0.6494
0.6155
0.8113
0.5159
0.6628
0.5908
0.6634
0.7955
0.8100
0.6624
0.7315

Table 4. SSIM results of DBA for 20 traditional images

10%

0.9885
0.9948
0.9769
0.9844
0.9742
0.9802
0.9768
0.9885
0.9801
0.9832
0.9767
0.9969
0.9728
0.9746
0.9769
0.9854
0.9840
0.9925
0.9666
0.9867

20%

0.9741
0.9867
0.9502
0.9644
0.9508
0.9557
0.9565
0.9781
0.9578
0.9637
0.9532
0.9920
0.9424
0.9483
0.9533
0.9722
0.9741
0.9850
0.9449
0.9706

30%

0.9555
0.9758
0.9174
0.9352
0.9239
0.9251
0.9315
0.9642
0.9287
0.9387
0.9239
0.9832
0.9047
0.9173
0.9210
0.9517
0.9607
0.9754
0.9184
0.9500

40%

0.9291
0.9586
0.8762
0.8933
0.8909
0.8857
0.8988
0.9423
0.8912
0.9062
0.8844
0.9703
0.8552
0.8800
0.8793
0.9259
0.9440
0.9614
0.8856
0.9236

50%

0.8989
0.9332
0.8279
0.8373
0.8535
0.8368
0.8561
0.9124
0.8410
0.8605
0.8396
0.9522
0.7917
0.8358
0.8239
0.8841
0.9209
0.9414
0.8441
0.8881

60%

0.8560
0.8977
0.7662
0.7605
0.8034
0.7693
0.7984
0.8706
0.7784
0.8017
0.7785
0.9238
0.7104
0.7832
0.7487
0.8330
0.8900
0.9133
0.7938
0.8449

70%

0.7942
0.8452
0.6880
0.6587
0.7387
0.6888
0.7228
0.8139
0.6997
0.7286
0.6968
0.8777
0.6060
0.7157
0.6490
0.7579
0.8467
0.8715
0.7259
0.7839

80%

0.5683
0.6722
0.4597
0.4080
0.5584
0.4372
0.4839
0.5631
0.4954
0.4797
0.4697
0.7002
0.3648
0.4927
0.4125
0.4970
0.6816
0.6828
0.5003
0.5892

80%

0.7139
0.7805
0.5882
0.5422
0.6565
0.5838
0.6267
0.7343
0.6036
0.6247
0.5992
0.8142
0.4880
0.6292
0.5308
0.6588
0.7871
0.8065
0.6470
0.7102

105

90%

0.3063
0.5105
0.2316
0.1377
0.2194
0.2337
0.2226
0.1894
0.3573
0.2741
0.2851
0.4932
0.1815
0.2911
0.1259
0.2249
0.3541
0.4483
0.2184
0.3465

90%

0.5979
0.6917
0.4589
0.4161
0.5402
0.4565
0.5053
0.6268
0.4833
0.5002
0.4825
0.7234
0.3518
0.5121
0.3807
0.5230
0.6951
0.7056
0.5432
0.6142
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Table 5. SSIM results of MDBUTMF for 20 traditional images

10%

0.9865
0.9911
0.9741
0.9727
0.9794
0.9764
0.9802
0.9884
0.9781
0.9813
0.9783
0.9950
0.9699
0.9774
0.9764
0.9820
0.9771
0.9923
0.9642
0.9833

20%

0.9479
0.9412
0.9228
0.9321
0.9331
0.9338
0.9275
0.9317
0.9340
0.9381
0.9353
0.9491
0.9236
0.9324
0.9304
0.9486
0.9334
0.9395
0.9236
0.9418

30%

0.8498
0.8160
0.8235
0.8655
0.8263
0.8567
0.8097
0.7907
0.8335
0.8418
0.8450
0.8178
0.8433
0.8347
0.8315
0.8681
0.8242
0.7833
0.8294
0.8476

40%

0.8155
0.7818
0.7757
0.8228
0.7884
0.8137
0.7749
0.7539
0.7938
0.8072
0.8064
0.7831
0.7994
0.7965
0.7932
0.8407
0.7958
0.7576
0.7952
0.8127

50%

0.8655
0.8653
0.7962
0.8126
0.8321
0.8251
0.8177
0.8392
0.8193
0.8363
0.8268
0.8833
0.7855
0.8224
0.8169
0.8732
0.8655
0.8620
0.8214
0.8528

60%

0.8898
0.9174
0.7914
0.7869
0.8484
0.8066
0.8374
0.8978
0.8220
0.8430
0.8243
0.9449
0.7572
0.8295
0.8128
0.8832
0.9042
0.9294
0.8258
0.8677

70%

0.8668
0.9052
0.7477
0.7317
0.8206
0.7621
0.8066
0.8833
0.7827
0.8096
0.7833
0.9425
0.6950
0.7925
0.7671
0.8523
0.8911
0.9272
0.7936
0.8393

Table 6. SSIM results of NAFSMF for 20 traditional images

10%

0.9839
0.9798
0.9749
0.9612
0.9772
0.9704
0.9754
0.9845
0.9733
0.9766
0.9723
0.9914
0.9631
0.9774
0.9659
0.9763
0.9785
0.9906
0.9606
0.9801

20%

0.9669
0.9643
0.9472
0.9216
0.9551
0.9382
0.9489
0.9685
0.9451
0.9511
0.9422
0.9831
0.9222
0.9542
0.9333
0.9568
0.9653
0.9815
0.9366
0.9591

30%

0.9485
0.9500
0.9174
0.8767
0.9328
0.9047
0.9210
0.9524
0.9148
0.9248
0.9115
0.9733
0.8788
0.9295
0.8983
0.9363
0.9519
0.9723
0.9104
0.9364

40%

0.9279
0.9340
0.8843
0.8305
0.9068
0.8687
0.8925
0.9334
0.8824
0.8970
0.8766
0.9643
0.8337
0.9025
0.8631
0.9143
0.9380
0.9622
0.8833
0.9132

50%

0.9080
0.9177
0.8483
0.7800
0.8810
0,8301
0.8588
0.9136
0.8463
0.8635
0.8414
0.9535
0.7818
0.8730
0.8220
0.8883
0.9209
0.9513
0.8526
0.8878

60%

0.8821
0.8988
0.8039
0.7211
0.8512
0.7839
0.8229
0.8892
0.8064
0.8251
0.8005
0.9405
0.7237
0.8404
0.7743
0.8600
0.9030
0.9361
0.8184
0.8591

70%

0.8511
0.8727
0.7533
0.6540
0.8154
0.7329
0.7805
0.8596
0.7585
0.7844
0.7528
0.9210
0.6544
0.8010
0.7165
0.8218
0.8774
0.9192
0.7805
0.8231

80%

0.7830
0.8265
0.6573
0.6333
0.7382
0.6682
0.7192
0.7857
0.6976
0.7178
0.6906
0.8641
0.6000
0.6973
0.6735
0.7679
0.8123
0.8566
0.7017
0.7561

80%

0.8040
0.8325
0.6896
0.5777
0.7665
0.6678
0.7221
0.8175
0.7010
0.7227
0.6898
0.8918
0.5766
0.7470
0.6464
0.7682
0.8418
0.8891
0.7259
0.7732
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90%

0.4010
0.4667
0.3884
0.3625
0.4131
0.3744
0.4084
0.3518
0.3921
0.4185
0.3796
0.4270
0.3651
0.3492
0.3965
0.4292
0.4008
0.4772
0.3539
0.4127

90%

0.6862
0.7207
0.5729
0.4671
0.6470
0.5472
0.6021
0.7019
0.5843
0.6093
0.5778
0.7827
0.4578
0.6310
0.5215
0.6492
0.7331
0.7756
0.6113
0.6698
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Table 7. SSIM results of DAMF for 20 traditional images

10%

0.9902
0.9961
0.9815
0.9884
0.9804
0.9846
0.9856
0.9938
0.9841
0.9875
0.9833
0.9982
0.9798
0.9774
0.9840
0.9878
0.9839
0.9950
0.9700
0.9894

20%

0.9789
0.9908
0.9588
0.9748
0.9594
0.9654
0.9690
0.9861
0.9656
0.9722
0.9634
0.9955
0.9560
0.9534
0.9658
0.9786
0.9763
0.9891
0.9518
0.9765

30%

0.9653
0.9844
0.9327
0.9572
0.9372
0.9422
0.9499
0.9769
0.9438
0.9542
0.9407
0.9912
0.9276
0.9270
0.9430
0.9662
0.9666
0.9826
0.9301
0.9619

40%

0.9488
0.9759
0.9013
0.9356
0.9110
0.9152
0.9285
0.9648
0.9181
0.9332
0.9123
0.9861
0.8953
0.8961
0.9173
0.9513
0.9563
0.9743
0.9053
0.9445

50%

0.9310
0.9652
0.8675
0.9086
0.8835
0.8824
0.9020
0.9505
0.8875
0.9063
0.8829
0.9796
0.8563
0.8620
0.8865
0.9321
0.9423
0.9647
0.8764
0.9244

60%

0.9085
0.9512
0.8261
0.8738
0.8515
0.8443
0.8689
0.9331
0.8515
0.8744
0.8463
0.9709
0.8072
0.8230
0.8464
0.9089
0.9270
0.9525
0.8424
0.8989

70%

0.8796
0.9321
0.7786
0.8237
0.8152
0.7976
0.8293
0.9086
0.8075
0.8362
0.8011
0.9577
0.7465
0.7784
0.7980
0.8772
0.9064
0.9362
0.8015
0.8666

Table 8. SSIM results of AWMF for 20 traditional images

10%

0.9822
0.9883
0.9718
0.9720
0.9609
0.9693
0.9742
0.9850
0.9724
0.9753
0.9706
0.9933
0.9638
0.9684
0.9551
0.9752
0.9779
0.9910
0.9579
0.9798

20%

0.9740
0.9849
0.9540
0.9616
0.9560
0.9539
0.9620
0.9796
0.9576
0.9624
0.9555
0.9924
0.9440
0.9514
0.9502
0.9684
0.9727
0.9870
0.9450
0.9701

30%

0.9636
0.9813
0.9331
0.9487
0.9410
0.9358
0.9474
0.9733
0.9409
0.9489
0.9375
0.9905
0.9209
0.9296
0.9364
0.9594
0.9655
0.9823
0.9273
0.9588

40%

0.9497
0.9759
0.9065
0.9343
0.9204
0.9144
0.9297
0.9645
0.9195
0.9322
0.9146
0.9878
0.8948
0.9021
0.9167
0.9488
0.9572
0.9761
0.9061
0.9450

50%

0.9349
0.9681
0.8762
0.9135
0.8952
0.8879
0.9067
0.9532
0.8929
0.9088
0.8887
0.9834
0.8611
0.8696
0.8908
0.9333
0.9457
0.9678
0.8802
0.9280

60%

0.9134
0.9563
0.8366
0.8824
0.8633
0.8523
0.8758
0.9376
0.8593
0.8790
0.8543
0.9760
0.8148
0.8313
0.8541
0.9126
0.9316
0.9565
0.8476
0.9043

70%

0.8852
0.9371
0.7879
0.8331
0.8256
0.8062
0.8361
09133
0.8152
0.8417
0.8091
0.9630
0.7551
0.7857
0.8058
0.8820
0.9112
0.9404
0.8069
0.8724

80%

0.8396
0.9012
0.7176
0.7466
0.7707
0.7325
0.7737
0.8714
0.7495
0.7784
0.7419
0.9376
0.6667
0.7248
0.7268
0.8290
0.8775
0.9134
0.7505
0.8208

80%

0.8447
0.9059
0.7250
0.7550
0.7789
0.7394
0.7799
0.8760
0.7562
0.7834
0.7483
0.9426
0.6736
0.7310
0.7334
0.8340
0.8828
0.9177
0.7554
0.8259
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90%

0.7657
0.8347
0.6308
0.6037
0.7018
0.6295
0.6842
0.7987
0.6571
0.6853
0.6514
0.8852
0.5415
0.6584
0.6061
0.7404
0.8226
0.8664
0.6753
0.7472

90%

0.7737
0.8401
0.6382
0.6108
0.7096
0.6356
0.6904
0.8055
0.6632
0.6913
0.6571
0.8948
0.5469
0.6640
0.6118
0.7459
0.8309
0.8744
0.6814
0.7531
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Table 9. SSIM results of ARmF for 20 traditional images

Images/Noise Densities 10% 20% 30% 40% 50% 60% 70% 80% 90%

Lena 0.9910 0.9810 0.9697 0.9554 0.9398 0.9176 0.8885 0.8471 0.7752
Cameraman 0.9970 0.9933 0.9890 0.9828 0.9743 0.9614 0.9416 0.9093 0.8426
Barbara 0.9841 0.9654 0.9438 0.9172 0.8861 0.8450 0.7949 0.7291 0.6394
Baboon 0.9915 0.9818 0.9689 0.9523 0.9294 0.8960 0.8442 0.7630 0.6150
Peppers 0.9826 0.9640 0.9439 0.9205 0.8939 0.8618 0.8241 0.7779 0.7096
Living Room 0.9856 0.9699 0.9514 0.9294 0.9018 0.8653 0.8171 0.7483 0.6418
Lake 0.9867 0.9716 0.9553 0.9361 0.9113 0.8793 0.8391 0.7828 0.6926
Plane 0.9947 0.9887 0.9816 0.9719 0.9599 0.9433 0.9182 0.8795 0.8080
Hill 0.9860 0.9703 0.9526 0.9310 0.9038 0.8690 0.8240 0.7626 0.6672
Pirate 0.9884 0.9750 0.9600 0.9424 0.9181 0.8875 0.8487 0.7886 0.6939
Boat 0.9842 0.9664 0.9467 0.9223 0.8957 0.8606 0.8142 0.7529 0.6610
House 0.9987 0.9970 0.9946 0.9913 0.9863 0.9786 0.9652 0.9446 0.8962
Bridge 0.9823 0.9621 0.9385 0.9113 0.8762 0.8285 0.7663 0.6819 0.5515
Elaine 0.9773 0.9532 0.9272 0.8971 0.8630 0.8239 0.7791 0.7270 0.6631
Flintstones 0.9847 0.9688 0.9491 0.9267 0.8987 0.8608 0.8112 0.7381 0.6154
Flower 0.9877 0.9796 0.9696 0.9577 0.9411 0.9195 0.8876 0.8384 0.7489
Parrot 0.9851 0.9786 0.9706 0.9621 0.9499 0.9351 0.9141 0.8848 0.8320
Dark-Haired Woman 0.9956 0.9909 0.9854 0.9787 0.9701 0.9585 0.9420 0.9189 0.8753
Blonde Woman 0.9718 0.9551 0.9355 0.9132 0.8864 0.8531 0.8114 0.7582 0.6825
Einstein 0.9911 0.9805 0.9687 0.9543 0.9367 0.9121 0.8788 0.8305 0.7551

In this PVA problem, we construct an ifpifs-matrix [al-j]8><9 by using multiple fuzzy values provided in
Table 3-9. We calculate the other rows of this ifpifs-matrix except for its zero-index row by employing the
membership function and non-membership function defined by

a . et —1_ £
Wi .—mtlnSij and vij=1 mfoU

such thati € I , j € Iy, and t € I,,. Here, (S/;) denotes ordered s-tuples such that S; corresponds to SSIM

results originating from ¢ image for i*" filter and j™ noise density. Moreover, s is the number of images. That
is, s = 20. For instance,

(Sf) = (0.9848,0.9911,0.9743,0.9795,0.9735,0.9747,0.9795,0.9885,0.9761,0.9801,0.9753,0.9938,
0.9705,0.9707,0.9726,0.9808,0.9791,0.9909,0.9657,0.9830)

Hence, uf; = 0.9657 and v{; = 0.0062. Similarly, the values of the other alternatives can be calculated.
Moreover, suppose that the noise removal success of the filters at high noise densities is more significant than
at the other densities, it is anticipated that the membership degrees at high noise densities are greater than the
non-membership degrees and the former at low noise densities are smaller than the latter. In other words, we
consider the first row of [a;;], , tobe

0.05 0.15 0.25 035 0.5 0.65 0.75 0.85 0.9]
09 08 07 06 05 03 02 01 0.05

Thus, ifpifs-matrix [a;;], , is constructed as follows:
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r 0.05 0.15 0.25 0.35 0.5 0.65 0.75 0.85 0.9

0.9 0.8 0.7 0.6 0.5 0.3 0.2 0.1 0.05

0.9657 09335 0.8856 0.8269 0.7503 0.6452 0.5159 0.3648 0.1259
0.0062 0.0142 0.0270 0.0450 0.0759 0.1165 0.1887 0.2998 0.4895
0.9666 09424 09047 0.8552 0.7917 0.7104 0.6060 0.4880 0.3518
0.0031 0.0080 0.0168 0.0297 0.0478 0.0762 0.1223 0.1858 0.2766
0.9642 09228 0.7833 0.7539 0.7855 0.7572 0.6950 0.6000 0.3492

[ ] 0.0050 0.0509 0.1319 0.1593 0.1167 0.0551 0.0575 0.1359 0.5228

ai]' =
0.9606 09216 0.8767 0.8305 0.7800 0.7211 0.6540 0.5766 0.4578
0.0086 0.0169 0.0267 0.0357 0.0465 0.0595 0.0790 0.1082 0.2173
0.9700 09518 09270 0.8953 0.8563 0.8072 0.7465 0.6667 0.5415
0.0018 0.0045 0.0088 0.0139 0.0204 0.0291 0.0423 0.0624 0.1148
0.9551 0.9440 09209 0.8948 0.8611 0.8148 0.7551 0.6736 0.5469
0.0067 0.0076 0.0095 0.0122 0.0166 0.0240 0.0370 0.0574 0.1052
09718 0.9532 09272 0.8971 0.8630 0.8239 0.7663 0.6819 0.5515
£0.0013 0.0030 0.0054 0.0087 0.0137 0.0214 0.0348 0.0554 0.1038
_ 04 04 04 04 04 04 04 04 04 .

In Table 1O,w—[0_4 04 04 04 04 04 04 04 0_4.Moreover, since the number of
alternatives and parameters is not equal in this PVA problem, iKKT13 is not applied to

[aij]-

Algorithms
iMBRO1
isMBRO1
iMBR01/2
iIMRB02(I,)
iCCE11
iCCE10
iCEC11
iFILL10/2(I4, w)
iIFILL10/4(14, w)
iIKWW11(Io, 0.5,0.5)

iPEM

Table 10. Decision sets produced by SDM methods”

Matrix Decision Sets

[ai;]  {08003BPDF, §:533¢DBAIN, §:230IMDBUTMF, §3333NAFSMF, §5335DAMF, §332,AWMF, 7' {ARmF}
[ai;]  {08008BPDF, §:533¢DBAIN, §:230IMDBUTMF, §3333NAFSMF, §335DAMF, §S32,AWMF, 7 {ARmF}
[aij]  {06210BPDF, §3%7DBAIN, §¢392MDBUTMF, $Z533NAFSMF, §3733DAMF, 5533 AWMF, ***{ARmF}
[ai;]  (3:3358BPDF, §3378DBAIN, §3883MDBUTMF, § SZ(2NAFSMF, $3323DAMF, §3832AWMF, 23 ARmF}
[ai;]  (33353BPDF, §3953DBAIN, $333IMDBUTMF, §3ENAFSMF, §3572DAMF, §3633AWMF, § 3738 ARmF}

lai;]  (§5353BPDF, §395DBAIN, §353IMDBUTMF, $32NAFSMF, §3572DAMF, §3622AWMF, § 3738 ARmF}

[aij]  (83332BPDF, §3352DBAIN, §355EMDBUTMEF, §353SNAFSMF, §3533DAMF, §3353AWMF, § 3335 ARmF}
[a; ,-] 0.7552BPDF, S8741DBAIN, 3874 IMDBUTMF, {NAFSMF, 1DAMF, AWMF, ARmF}

[a; j] 0.7552BPDF, 58741DBAIN, 3874 IMDBUTMF, NAFSMF, 1DAMF, AWMF, ARmF}

[aij]  {8:6533BPDF, §§233DBAIN, §§358MDBUTMF, G734 SNAFSMF, §§333DAMF, ***23AWMF, §3435ARmF}
[a;j]  {§3253BPDF, §3453DBAIN, §358MDBUTMF, §3303NAFSMF, §3839DAMF, § 388 AWMF, jARmF}

“In the event that noise removal performance at high noise densities is more important.
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The intuitionistic fuzzy values in the decision sets provided in Table 10 are generated on MATLAB
R2021a. Moreover, using the relation in Proposition 2.1, the ranking orders of the alternatives are presented in
Table 11. The number of the algorithms producing the same ranking order is signified in the last column of
Table 11. According to the table, iIMBRO01/2, iCEC11, and iPEM have the same ranking orders just as iCCE11,
iCCE10, and iKWW11(I,, 0.5,0.5) do. Moreover, these six methods produce the same ranking orders with the
exception of DBAIN and MDBUTMF’s ranks. Besides, iMBRO01, isMBRO1, and iMRBO02(I,) generate the
same ranking orders. However, iFJLL10/2(1y, w) and iFJILL10/4(Iy, w) have anomalous ranking orders unlike
the other SDM methods. Although the decision-making abilities of all the SDM methods herein differ, all
signify that BPDF has the lowest noise removal performance. Similarly, all the SDM methods but
iFJLL10/2(I9, w) and iFJLL10/4(I,, w) yield that ARmF has the highest noise removal performance.

Table 11. Ranking orders of SDM methods”

Algorithms Ranking Orders Frequency
iMBRO1 BPDF<DBAIN<NAFSMF<MDBUTMF<DAMF<AWMF<ARMF 3
iISMBRO1 BPDF<DBAIN<NAFSMF<MDBUTMF<DAMF<AWMF<ARMF 3
iMBRO01/2 BPDF<DBAIN<MDBUTMF<NAFSMF<DAMF<AWMF<ARMF 3
iIMRBO02(1q) BPDF<DBAIN<NAFSMF<MDBUTMF<DAMF<AWMF<ARMF 3
iCCE11 BPDF<MDBUTMF<DBAIN<NAFSMF<DAMF<AWMF<ARMF 3
iCCE10 BPDF<MDBUTMF<DBAIN<NAFSMF<DAMF<AWMF<ARMF 3
iCEC11 BPDF<DBAIN<MDBUTMF<NAFSMF<DAMF<AWMF<ARMF 3
iIFILL10/2(1g, w) BPDF<DBAIN=MDBUTMF<NAFSMF=DAMF=AWMF=ARMF 2
iIFILL10/4(Io, w) BPDF<DBAIN~=MDBUTMF<NAFSMF~DAMF~=AWMF=ARMF 2

iKWW11(I4,0.5,0.5) BPDF<MDBUTMF<DBAIN<NAFSMF<DAMF<AWMF<ARMF 3

iPEM BPDF<DBAIN<MDBUTMF<NAFSMF<DAMF<AWMF<ARMF 3
“In the event that noise removal performance at high noise densities is more important.

On the other hand, suppose that the noise removal success of the filters at low noise densities are more
significant than at the other densities, it is anticipated that the membership degrees at high noise densities are
smaller than the non-membership degrees and the former at low noise densities are greater than the latter. In
other words, we consider the first row of [b;;]_ _ to be

09 085 075 065 05 035 025 0.15 0.05]
005 01 02 03 05 06 07 08 09

Thereby, ifpifs-matrix [b; i]sxg is constructed as follows:
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0.9
0.05

0.9657
0.0062

0.9666
0.0031

0.9642
0.0050
[bij] =
0.9606
0.0086

0.9700
0.0018

0.9551
0.0067

0.9718
10.0013

In Table 12, w =

0.85 0.75 0.65 0.5 035 0.25 0.15 0.05 1
0.1 0.2 0.3 0.5 0.6 0.7 0.8 0.9
09335 0.8856 08269 07503 0.6452 05159 03648 0.1259
0.0142 0.0270 0.0450 0.0759 0.1165 01887 02998 0.4895
09424 09047 08552 07917 07104 0.6060 04880 0.3518
0.0080 0.0168 00297 0.0478 00762 01223 0.1858 0.2766
09228 07833 07539 0.7855 0.7572 0.6950 0.6000 0.3492
0.0509 01319 01593 0.1167 00551 00575 0.1359 0.5228
09216 08767 0.8305 07800 0.7211 0.6540 05766 04578
00169 0.0267 00357 00465 0.0595 0.0790 01082 02173
09518 09270 08953 08563 0.8072 07465 0.6667 0.5415
0.0045 00088 00139 0.0204 00291 0.0423 00624 01148
09440 009209 08948 08611 08148 07551 0.6736 0.5469
00076 00095 00122 0.0166 0.0240 00370 00574 0.1052
09532 09272 08971 08630 08239 07663 06819 05515
0.0030 00054 00087 0.0137 00214 00348 00554 0.1038
04 04 04 04 04 04 04 04 04 .

04 04 04 04 04 04 04 04 0.4]' Moreover, since the numbers of
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the alternatives and the parameters are not equal in this PVA problem, iKKT13 is not applied to

[bij]-

Algorithms
iMBRO1
iSMBRO1
iMBRO01/2
iIMRB02(I)
iCCE11
iCCE10
iCEC11
iFILL10/2(19, w)
iFJLL10/4(14, W)
iIKWW11(Is,0.5,0.5)

iPEM

Table 12. Decision sets of SDM methods”

Matrix Decision Sets

[bi;]  {38336BPDF, §2333DBAIN, §5235MDBUTMF, ,0,{NAFSMF, §4333DAMF, §:397 AWMF, © 2 ARmF}
[bi;]  {38338BPDF, §Z312DBAIN, §5235MDBUTMF, ,0,{NAFSMF, §4333DAMF, 839 AWMF, © 2 ARmF}
[bi;]  {38353BPDF, §2873DBAIN, ,5,39MDBUTMF, §83Z3NAFSMF, §4351DAMF, §3202AWME, > ARmF}
[bi;]  {*¥7°4BPDF, §§313DBAIN, §753MDBUTME, § S35ENAFSMF, § 3i33DAMF, 3385AWMF, §3587ARmF}
[bi;]  {8:3534BPDF, §3363DBAIN, §33iSMDBUTME, §3355NAFSMF, §$353DAMF, 0 §330AWMF, 3 72ARmF}
[bi;]  {33839BPDF, §3583DBAIN, §38TSMDBUTMF, §332SNAFSMF, §$333DAMF, §3335AWMF, §3583ARmF}

[by;]  {33313BPDF, §3382DBAIN, §3733MDBUTMF, §3135NAFSMF, § 5832 DAMF, §38:SAWME, §33¢3ARmE}

[bi;]  {*®*°3BPDF, §356SDBAIN, §356SMDBUTMF, § $23NAFSMF, § 1231DAMF, § 1327AWMF, § $337ARmF}
[bi;]  {*®*°3BPDF, §356SDBAIN, §356SMDBUTMF, § $232NAFSMF, § 1231DAMF, § 1337AWMF, § $337ARmF}
[bi;]  {87338BPDF, §3583DBAIN, §733IMDBUTMF, §313ENAFSMF, S*{DAMF, {788 AWMF, 3337 ARmF}
[bi;]  {83585BPDF, §3335DBAIN, §3353MDBUTMF, §3755NAFSME, § 3538 DAMF, §370;AWMF, 2 ARmF}

“In the event that noise removal performance at low noise densities is more important.
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The intuitionistic fuzzy values in the decision sets provided in Table 12 are obtained with MATLAB
R2021a. Moreover, using the relation in Proposition 2.1, the ranking orders of the alternatives are presented in
Table 13. The number of the algorithms producing the same ranking orders is signified in the last column of
Table 13. According to these ranking orders, iMBRO1, isMBRO1, and iMBRO01/2 produce the same ranking
orders just as iICEC11 and iKWW11(I,, 0.5,0.5) do. Furthermore, these methods have the same ranking orders
with the exception of BPDF and NAFSMF’s ranks. Besides, iCCE11 and iCCE10 generate the same ranking
orders. However, iFJLL10/2(I5, w) and iFJLL10/4(I,, w) have anomalous ranking order unlike the other SDM
methods. Additionally, all the SDM methods except for iMBRO1, isMBRO1, iMBR01/2, iMRBO02(1y),
iFJLL10/2(I, w), and iFJLL10/4(1y, w) confirm that BPDF exhibits the lowest performance. Further, all the
SDM methods but iIMRBO02(I,), iFILL10/2(Iy, w), and iFJLL10/4(Iy, w) validate that ARmF performs better
than the other filters.

Table 13. Ranking orders of SDM methods

Algorithms Ranking Orders Frequency
iMBRO1 NAFSMF<MDBUTMF<BPDF<DBAIN<AWMF<DAMF<ARMF 3
isMBRO1 NAFSMF<MDBUTMF<BPDF<DBAIN<AWMF<DAMF<ARMF 3
iMBR01/2 NAFSMF<MDBUTMF<BPDF<DBAIN<AWMF<DAMF<ARMF 3
iIMRBO02(I4) NAFSMF<AWMF<DAMF<ARMF<MDBUTMF<DBAIN<BPDF 1
iCCE11 2
iCCE10 2
iCEC11 BPDF<MDBUTMF<NAFSMF<DBAIN<AWMF<DAMF<ARMF 2
iIFJLL10/2(19, w) NAFSMF=DAMF=AWMF=ARMF<DBAIN=MDBUTMF<BPDF 2
iIFJLL10/4(19, w) NAFSMF=DAMF=AWMF=ARmMF<DBAIN=MDBUTMF<BPDF 2

iKWW11(I4,0.5,0.5) BPDF<MDBUTMF<NAFSMF<DBAIN<AWMF<DAMF<ARMF 2

iPEM BPDF<MDBUTMF<DBAIN<NAFSMF<AWMF<DAMF<ARMF 1

“In the event that noise removal performance at low noise densities is more important.

6. Conclusion

In this study, we generalised 24 SDM methods [10,11,15,16,20], constructed by the concept of fpfs-matrices,
in the ifpifs-matrices space. We then suggested five new test scenarios by inspiring from the scenarios in [13]
to examine the performance consistency of the SDM methods in decision-making problems. Thus, we
determined the SDM methods which successfully passed all the tests. Afterwards, we applied the successful
SDM methods to a PVA problem to rank the state-of-the-art noise removal filters according to their noise
removal performance.

The present study encourages researchers to generalised other SDM methods to render them operable in
the ifpifs-matrices space. Researchers can also focus on SDM methods constructed with intuitionistic fuzzy
sets, soft sets, or their hybrid versions [4-8]. Moreover, classification algorithms can be developed using a
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generalised method (for more on classification methods, see [43-47]). This study ignored the SDM methods
suggested by using the superstructures of ifpifs-sets/matrices. Thereby, future papers can study the
generalisations of SDM methods for such spaces as interval-valued intuitionistic fuzzy parameterized interval-
valued intuitionistic fuzzy soft sets/matrices space [48,49] and the hybrid versions of picture fuzzy sets [50,51]
and soft sets.
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